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Preface to the
First Edition

“We are to admit no more causes of natural things” (as we are told
by Newton) than “such as are both true and sufficient to explain their
appearances.” This central theme is basic to the pursuit of science, and
goes back to the principle known as Occam’s razor: “if presented with
a choice between indifferent alternatives, then one ought to select the
simplest one.” Unconsciously or explicitly, informal applications of this
principle in science and mathematics abound.

The conglomerate of different research threads drawing on an objec-
tive and absolute form of this approach appears to be part of a single
emerging discipline, which will become a major applied science like in-
formation theory or probability theory. We aim at providing a unified
and comprehensive introduction to the central ideas and applications of
this discipline.

Intuitively, the amount of information in a finite string is the size (num-
ber of binary digits, or bits) of the shortest program that without ad-
ditional data, computes the string and terminates. A similar definition
can be given for infinite strings, but in this case the program produces
element after element forever. Thus, a long sequence of 1’s such as

11111...1
—_——
10,000 times

contains little information because a program of size about log 10,000
bits outputs it:

for 7:=1 to 10,000
print 1

Likewise, the transcendental number m = 3.1415. .., an infinite sequence
of seemingly random decimal digits, contains but a few bits of informa-
tion. (There is a short program that produces the consecutive digits of 7
forever.) Such a definition would appear to make the amount of informa-
tion in a string (or other object) depend on the particular programming
language used.

Fortunately, it can be shown that all reasonable choices of programming
languages lead to quantification of the amount of absolute information in
individual objects that is invariant up to an additive constant. We call
this quantity the ‘Kolmogorov complexity’ of the object. If an object
contains regularities, then it has a shorter description than itself. We
call such an object ‘compressible.’

The application of Kolmogorov complexity takes a variety of forms, for
example, using the fact that some strings are extremely compressible;
using the compressibility of strings as a selection criterion; using the fact
that many strings are not compressible at all; and using the fact that
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some strings may be compressed in principle, but that it takes a lot of
effort to do so.

The theory dealing with the quantity of information in individual objects
goes by names such as ‘algorithmic information theory,” ‘Kolmogorov
complexity,” ‘K-complexity,” ‘Kolmogorov—Chaitin randomness,” ‘algo-
rithmic complexity,” ‘stochastic complexity,” ‘descriptional complexity,’
‘minimum description length,” ‘program-size complexity,” and others.
Each such name may represent a variation of the basic underlying idea
or a different point of departure. The mathematical formulation in each
case tends to reflect the particular traditions of the field that gave birth
to it, be it probability theory, information theory, theory of computing,
statistics, or artificial intelligence.

This raises the question about the proper name for the area. Although
there is a good case to be made for each of the alternatives listed above,
and a name like ‘Solomonoff-Kolmogorov—Chaitin complexity’ would
give proper credit to the inventors, we regard ‘Kolmogorov complex-
ity’ as well entrenched and commonly understood, and we shall use it
hereafter.

The mathematical theory of Kolmogorov complexity contains deep and
sophisticated mathematics. Yet one needs to know only a small amount
of this mathematics to apply the notions fruitfully in widely divergent
areas, from sorting algorithms to combinatorial theory, and from induc-
tive reasoning and machine learning to dissipationless computing.

Formal knowledge of basic principles does not necessarily imply the
wherewithal to apply it, perhaps especially so in the case of Kolmogorov
complexity. It is our purpose to develop the theory in detail and outline
a wide range of illustrative applications. In fact, while the pure theory of
the subject will have its appeal to the select few, the surprisingly large
field of its applications will, we hope, delight the multitude.

The mathematical theory of Kolmogorov complexity is treated in Chap-
ters 2, 3, and 4; the applications are treated in Chapters 5 through 8.
Chapter 1 can be skipped by the reader who wants to proceed immedi-
ately to the technicalities. Section 1.1 is meant as a leisurely, informal
introduction and peek at the contents of the book. The remainder of
Chapter 1 is a compilation of material on diverse notations and disci-
plines drawn upon.

We define mathematical notions and establish uniform notation to be
used throughout. In some cases we choose nonstandard notation since
the standard one is homonymous. For instance, the notions ‘absolute
value,” ‘cardinality of a set,” and ‘length of a string’ are commonly de-
noted in the same way as | - |. We choose distinguishing notations | - |,
d(-), and (), respectively.
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Briefly, we review the basic elements of computability theory and prob-
ability theory that are required. Finally, in order to place the subject
in the appropriate historical and conceptual context we trace the main
roots of Kolmogorov complexity.

This way the stage is set for Chapters 2 and 3, where we introduce the
notion of optimal effective descriptions of objects. The length of such a
description (or the number of bits of information in it) is its Kolmogorov
complexity. We treat all aspects of the elementary mathematical theory
of Kolmogorov complexity. This body of knowledge may be called algo-
rithmic complexity theory. The theory of Martin-Lof tests for random-
ness of finite objects and infinite sequences is inextricably intertwined
with the theory of Kolmogorov complexity and is completely treated.
We also investigate the statistical properties of finite strings with high
Kolmogorov complexity. Both of these topics are eminently useful in
the applications part of the book. We also investigate the recursion-
theoretic properties of Kolmogorov complexity (relations with Godel’s
incompleteness result), and the Kolmogorov complexity version of infor-
mation theory, which we may call ‘algorithmic information theory’ or
‘absolute information theory.’

The treatment of algorithmic probability theory in Chapter 4 presup-
poses Sections 1.6, 1.11.2, and Chapter 3 (at least Sections 3.1 through
3.4). Just as Chapters 2 and 3 deal with the optimal effective description
length of objects, we now turn to optimal (greatest) effective probabil-
ity of objects. We treat the elementary mathematical theory in detail.
Subsequently, we develop the theory of effective randomness tests under
arbitrary recursive distributions for both finite and infinite sequences.
This leads to several classes of randomness tests, each of which has a
universal randomness test. This is the basis for the treatment of a math-
ematical theory of inductive reasoning in Chapter 5 and the theory of
algorithmic entropy in Chapter 8.

Chapter 5 develops a general theory of inductive reasoning and ap-
plies the developed notions to particular problems of inductive infer-
ence, prediction, mistake bounds, computational learning theory, and
minimum description length induction in statistics. This development
can be viewed both as a resolution of certain problems in philosophy
about the concept and feasibility of induction (and the ambiguous no-
tion of ‘Occam’s razor’), as well as a mathematical theory underlying
computational machine learning and statistical reasoning.

Chapter 6 introduces the incompressibility method. Its utility is demon-
strated in a plethora of examples of proving mathematical and com-
putational results. Examples include combinatorial properties, the time
complexity of computations, the average-case analysis of algorithms such
as Heapsort, language recognition, string matching, pumping lemmas in
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formal language theory, lower bounds in parallel computation, and Tur-
ing machine complexity. Chapter 6 assumes only the most basic notions
and facts of Sections 2.1, 2.2, 3.1, 3.3.

Some parts of the treatment of resource-bounded Kolmogorov com-
plexity and its many applications in computational complexity theory
in Chapter 7 presuppose familiarity with a first-year graduate theory
course in computer science or basic understanding of the material in
Section 1.7.4. Sections 7.5 and 7.7 on universal optimal search and log-
ical depth only require material covered in this book. The section on
logical depth is technical and can be viewed as a mathematical basis
with which to study the emergence of life-like phenomena—thus form-
ing a bridge to Chapter 8, which deals with applications of Kolmogorov
complexity to relations between physics and computation.

Chapter 8 presupposes parts of Chapters 2, 3, 4, the basics of information
theory as given in Section 1.11, and some familiarity with college physics.
It treats physical theories like dissipationless reversible computing, in-
formation distance and picture similarity, thermodynamics of computa-
tion, statistical thermodynamics, entropy, and chaos from a Kolmogorov
complexity point of view. At the end of the book there is a comprehen-
sive listing of the literature on theory and applications of Kolmogorov
complexity and a detailed index.

We thank Greg Chaitin, Péter Gacs, Leonid Levin, and Ray Solomonoff
for taking the time to tell us about the early history of our subject and
for introducing us to many of its applications. Juris Hartmanis and Joel
Seiferas initiated us into Kolmogorov complexity in various ways.

Many people gave substantial suggestions for examples and exercises,
or pointed out errors in a draft version. Apart from the people already
mentioned, these are, in alphabetical order, Eric Allender, Charles Ben-
nett, Piotr Berman, Robert Black, Ron Book, Dany Breslauer, Harry
Buhrman, Peter van Emde Boas, William Gasarch, Joe Halpern, Jan
Heering, G. Hotz, Tao Jiang, Max Kanovich, Danny Krizanc, Evange-
los Kranakis, Michiel van Lambalgen, Luc Longpré, Donald Loveland,
Albert Meyer, Lambert Meertens, lan Munro, Pekka Orponen, Ramamo-
han Paturi, Jorma Rissanen, Jeff Shallit, A.Kh. Shen’, J. Laurie Snell,
Th. Tsantilas, John Tromp, Vladimir Uspensky, N.K. Vereshchagin, Os-
amu Watanabe, and Yaacov Yesha. Apart from them, we thank the many
students and colleagues who contributed to this book.

We especially thank Péter Gécs for the extraordinary kindness of read-
ing and commenting in detail on the entire manuscript, including the
exercises. His expert advice and deep insight saved us from many pit-
falls and misunderstandings. Piergiorgio Odifreddi carefully checked and
commented on the first three chapters. Parts of the book have been
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tested in one-semester courses and seminars at the University of Ams-
terdam in 1988 and 1989, the University of Waterloo in 1989, Dartmouth
College in 1990, the Universitat Polytecnica de Catalunya in Barcelona
in 1991/1992, the University of California at Santa Barbara, Johns Hop-
kins University, and Boston University in 1992/1993.

This document has been prepared using the ETEX system. We thank
Donald Knuth for TEX, Leslie Lamport for TEX, and Jan van der Steen
at CWI for online help. Some figures were prepared by John Tromp using
the xpic program.

The London Mathematical Society kindly gave permission to reproduce
a long extract by A.M. Turing. The Indian Statistical Institute, through
the editor of Sankhya, kindly gave permission to quote A.N. Kolmogorov.

We gratefully acknowledge the financial support by NSF Grant DCR-
8606366, ONR. Grant N00014-85-k-0445, ARO Grant DAALO03-86-K-
0171, the Natural Sciences and Engineering Research Council of Canada
through operating grants OGP-0036747, OGP-046506, and International
Scientific Exchange Awards ISE0046203, ISE0125663, and NWO Grant
NF 62-376. The book was conceived in late Spring 1986 in the Valley of
the Moon in Sonoma County, California. The actual writing lasted on
and off from autumn 1987 until summer 1993.

One of us [PV] gives very special thanks to his lovely wife Pauline
for insisting from the outset on the significance of this enterprise. The
Aiken Computation Laboratory of Harvard University, Cambridge, Mas-
sachusetts, USA; the Computer Science Department of York University,
Ontario, Canada; the Computer Science Department of the University
of Waterloo, Ontario, Canada; and CWI, Amsterdam, the Netherlands
provided the working environments in which this book could be written.

When this book was conceived ten years ago, few scientists realized
the width of scope and the power for applicability of the central ideas.
Partially because of the enthusiastic reception of the first edition, open
problems have been solved and new applications have been developed.
We have added new material on the relation between data compression
and minimum description length induction, computational learning, and
universal prediction; circuit theory; distributed algorithmics; instance
complexity; CD compression; computational complexity; Kolmogorov
random graphs; shortest encoding of routing tables in communication
networks; resource-bounded computable universal distributions; average
case properties; the equality of statistical entropy and expected Kol-
mogorov complexity; and so on. Apart from being used by researchers
and as a reference work, the book is now commonly used for graduate
courses and seminars. In recognition of this fact, the second edition has
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How to Use
This Book

been produced in textbook style. We have preserved as much as possible
the ordering of the material as it was in the first edition. The many ex-
ercises bunched together at the ends of some chapters have been moved
to the appropriate sections. The comprehensive bibliography on Kol-
mogorov complexity at the end of the book has been updated, as have
the ‘History and References’ sections of the chapters. Many readers were
kind enough to express their appreciation for the first edition and to send
notification of typos, errors, and comments. Their number is too large
to thank them individually, so we thank them all collectively.

The general area of reasoning based on shortest description length con-
tinues to coalesce. Simultaneously, the emphasis in handling of informa-
tion in computers and communication networks continues to move from
being random-variable based to being individual-outcome based. Prac-
tically speaking, this has resulted in a number of spectacular real-life
applications of Kolmogorov complexity, where the latter is replaced by
compression programs. The general area has branched out into subareas,
each with its own specialized books or treatments. This work, through
its subsequent editions, has been both a catalyst and an outcome of
these trends. The third edition endeavors to capture the essence of the
state of the art at the end of the first decade of the new millennium. It
is a corrected and greatly expanded version of the earlier editions. Many
people contributed, and we thank them all collectively.

The technical content of this book consists of four layers. The main
text is the first layer. The second layer consists of examples in the main
text. These elaborate the theory developed from the main theorems. The
third layer consists of nonindented, smaller-font paragraphs interspersed
with the main text. The purpose of such paragraphs is to have an ex-
planatory aside, to raise some technical issues that are important but
would distract attention from the main narrative, or to point to alter-
native or related technical issues. Much of the technical content of the
literature on Kolmogorov complexity and related issues appears in the
fourth layer, the exercises. When the idea behind a nontrivial exercise is
not our own, we have tried to give credit to the person who originated
the idea. Corresponding references to the literature are usually given in
comments to an exercise or in the historical section of that chapter.

Starred sections are not really required for the understanding of the se-
quel and can be omitted at first reading. The application sections are not
starred. The exercises are grouped together at the end of main sections.
Each group relates to the material in between it and the previous group.
Each chapter is concluded by an extensive historical section with full
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references. For convenience, all references in the text to the Kolmogorov
complexity literature and other relevant literature are given in full where
they occur. The book concludes with a References section intended as a
separate exhaustive listing of the literature restricted to the theory and
the direct applications of Kolmogorov complexity. There are reference
items that do not occur in the text and text references that do not occur
in the References. We added a very detailed Index combining the index
to notation, the name index, and the concept index. The page number
where a notion is defined first is printed in boldface. The initial part of
the Index is an index to notation. Names such as ‘J. von Neumann’ are
indexed European style ‘Neumann, J. von.’

The exercises are sometimes trivial, sometimes genuine exercises, but
more often compilations of entire research papers or even well-known
open problems. There are good arguments to include both: the easy
and real exercises to let the student exercise his comprehension of the
material in the main text; the contents of research papers to have a com-
prehensive coverage of the field in a small number of pages; and research
problems to show where the field is (or could be) heading. To save the
reader the problem of having to determine which is which: “I found this
simple exercise in number theory that looked like Pythagoras’s Theorem.
Seems difficult.” “Oh, that is Fermat’s Last Theorem; it took three hun-
dred and fifty years to solve it ...,” we have adopted the system of rating
numbers used by D.E. Knuth [The Art of Computer Programming, Vol-
ume 1: Fundamental Algorithms, Addison-Wesley, 1973. Second Edition,
pp. xvii—xix]. The interpretation is as follows:

00 A very easy exercise that can be answered immediately, from the
top of your head, if the material in the text is understood.

10 A simple problem to exercise understanding of the text. Use fifteen
minutes to think, and possibly pencil and paper.

20 An average problem to test basic understanding of the text and
may take one or two hours to answer completely.

30 A moderately difficult or complex problem taking perhaps several
hours to a day to solve satisfactorily.

40 A quite difficult or lengthy problem, suitable for a term project,
often a significant result in the research literature. We would expect
a very bright student or researcher to be able to solve the problem
in a reasonable amount of time, but the solution is not trivial.

50 A research problem that, to the authors’ knowledge, is open at the
time of writing. If the reader has found a solution, he is urged to
write it up for publication; furthermore, the authors of this book
would appreciate hearing about the solution as soon as possible.
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This scale is logarithmic: a problem of rating 17 is a bit simpler than
average. Problems with rating 50, subsequently solved, will appear in
a next edition of this book with rating about 45. Rates are sometimes
based on the use of solutions to earlier problems. The rating of an ex-
ercise is based on that of its most difficult item, but not on the number
of items. Assigning accurate rating numbers is impossible—one man’s
meat is another man’s poison—and our rating will differ from ratings by
others.

An orthogonal rating M implies that the problem involves more math-
ematical concepts and motivation than is necessary for someone who
is primarily interested in Kolmogorov complexity and applications. Ex-
ercises marked HM require the use of calculus or other higher mathe-
matics not developed in this book. Some exercises are marked with a e;
and these are especially instructive or useful. Exercises marked O are
problems that are, to our knowledge, unsolved at the time of writing.
The rating of such exercises is based on our estimate of the difficulty of
solving them. Obviously, such an estimate may be totally wrong.

Solutions to exercises, or references to the literature where such solutions
can be found, appear in the Comments paragraph at the end of each
exercise. Nobody is expected to be able to solve all exercises.

The material presented in this book draws on work that until now was
available only in the form of advanced research publications, possibly not
translated into English, or was unpublished. A large portion of the ma-
terial is new. The book is appropriate for either a one- or a two-semester
introductory course in departments of mathematics, computer science,
physics, probability theory and statistics, artificial intelligence, cognitive
science, and philosophy. Outlines of possible one-semester courses that
can be taught using this book are presented below.

Fortunately, the field of descriptional complexity is fairly young and the
basics can still be comprehensively covered. We have tried to the best of
our abilities to read, digest, and verify the literature on the topics covered
in this book. We have taken pains to establish correctly the history of the
main ideas involved. We apologize to those who have been unintention-
ally slighted in the historical sections. Many people have generously and
selflessly contributed to verify and correct drafts of the various editions
of this book. We thank them below and apologize to those we forgot. In
a work of this scope and size there are bound to remain factual errors
and incorrect attributions. We greatly appreciate notification of errors
or any other comments the reader may have, preferably by email, in
order that future editions may be corrected.



Outlines of One-Semester Courses XV

Outlines of

One-Semester

Courses

I. Course on
Basic
Algorithmic

Complexity and

Applications

[I. Course on
Algorithmic
Complexity

[11. Course on
Algorithmic
Randomness

V. Course on
Algorithmic
Information
Theory and
Applications

We have mapped out a number of one-semester courses on a variety of
topics. These topics range from basic courses in theory and applications
to special-interest courses in learning theory, randomness, or information
theory using the Kolmogorov complexity approach.

PREREQUISITES: Sections 1.1, 1.2, 1.7 (except Section 1.7.4).

[ TyPE OF COMPLEXITY | THEORY | APPLICATIONS |
plain complexity 2.1, 2.2, 2.3 | 4.4, Chapter 6
prefix complexity 1.11.2, 3.1 5.1, 5.1.3, 5.2, 5.4

3.3, 34 8.2, 8.3, 84
resource-bounded complexity | 7.1, 7.5, 7.7 | 7.2, 7.3, 7.6, 7.7

TypPE OF COMPLEXITY | BASICS RANDOMNESS | ALGORITHMIC
PROPERTIES

state X symbol 1.12

plain complexity 2.1,22,23 | 24 2.7

prefix complexity 1.11.2) 3.1 3.5 3.7, 3.8

3.3,34

monotone complexity 4.5 (intro) 4.5.4

RANDOMNESS TESTS | COMPLEXITY FINITE INFINITE

ACCORDING TO USED STRINGS | SEQUENCES

von Mises 1.9

Martin-Lof 2.1, 2.2 2.4 2.5

prefix complexity 1.11.2, 3.1, 3.3, 3.4 | 3.5 3.6, 4.5.6

general discrete 1.6 (intro), 4.3.1 4.3

general continuous 1.6 (intro), 4.5

4.5 (intro), 4.5.1

TypPE oF COMPLEXITY | BASICS ENTROPY | SYMMETRY OF

USED INFORMATION

classical 1.11 1.11 1.11

information theory

plain complexity 2.1, 2.2 2.8 2.8

prefix complexity 3.1, 3.3,34 | 81 3.8, 3.9.1

resource-bounded 7.1 Exercises 7.1.12
7.1.13

applications 8.3 8.1.1, 8.5, | Theorem 7.2.6

8.4 8.6 Exercise 6.10.15
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V. Course on
Algorithmic
Probability
Theory,
Learning,
Inference, and
Prediction

VI. Course on
the
Incompressibility
Method

VII. Course on
Randomness,
Information, and
Physics

THEORY Basics UNIVERSAL APPLICATIONS
DISTRIBUTION TO INFERENCE

classical 1.6, 1.11.2 1.6

probability

algorithmic 2.1,2.2,23 8

complexity 3.1, 3.3, 34

algorithmic discrete | 4.2, 4.1 4.3.1, 4.3.2

probability 4.3 (intro) 4.3.3,4.3.4, 4.3.6

algorithmic contin. 4.5 (intro) 4.5.1, 4.5.2 5.2

probability 4.5.4,4.5.8

Solomonoft’s 5.1, 5.1.3, 5.2 | 5.2.5, 5.3.3, 5.4 5.1.3

inductive inference 5.3, 8 5.4.5

MDL and nonproba- | 5.4 5.4, 5.5

bilistic statistics

Chapter 2 (Sections 2.1, 2.2, 2.4, 1.11.5, 2.8), Chapter 3 (mainly Sec-
tions 3.1, 3.3), Section 4.4, and Chapters 6 and 7. The course covers the
basics of the theory with many applications in proving upper and lower
bounds on the running time and space use of algorithms.

Course IIT and Chapter 8. In physics the applications of Kolmogorov
complexity include theoretical illuminations of foundational issues. For
example, the approximate equality of statistical entropy and expected
Kolmogorov complexity, the nature of entropy, a fundamental resolution
of the Maxwell’s Demon paradox. However, also more concrete applica-
tions such as information distance, normalized information distance and
its applications to phylogeny, clustering, classification, and relative se-
mantics of words and phrases, as well as thermodynamics of computation
are covered.
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Preliminaries

1.1
A Brief
Introduction

Suppose we want to describe a given object by a finite binary string. We
do not care whether the object has many descriptions; however, each
description should describe but one object. From among all descriptions
of an object we can take the length of the shortest description as a
measure of the object’s complexity. It is natural to call an object ‘simple’
if it has at least one short description, and to call it ‘complex’ if all of
its descriptions are long.

But now we are in danger of falling into the trap so eloquently described
in the Richard-Berry paradox, where we define a natural number as
“the least natural number that cannot be described in fewer than twenty
words.” If this number does exist, we have just described it in thirteen
words, contradicting its definitional statement. If such a number does not
exist, then all natural numbers can be described in fewer than twenty
words. We need to look very carefully at the notion of ‘description.’

Assume that each description describes at most one object. That is,
there be a specification method D that associates at most one object
x with a description y. This means that D is a function from the set
of descriptions, say Y, into the set of objects, say X. It seems also
reasonable to require that for each object x in X, there be a description
y in Y such that D(y) = z. (Each object has a description.) To make
descriptions useful we like them to be finite. This means that there are
only countably many descriptions. Since there is a description for each
object, there are also only countably many describable objects. How do
we measure the complexity of descriptions?

M. Li and P.M.B. Vitanyi, An Introduction to Kolmogorov Complexity and Its Applications, 1
DOI: 10.1007/978-0-387-49820-1_1, © Springer Science + Business Media, LLC 2008
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Taking our cue from the theory of computation, we express descriptions
as finite sequences of 0’s and 1’s. In communication technology, if the
specification method D is known to both a sender and a receiver, then
a message r can be transmitted from sender to receiver by transmitting
the sequence of 0’s and 1’s of a description y with D(y) = x. The cost of
this transmission is measured by the number of occurrences of 0’s and
1’s in y, that is, by the length of y. The least cost of transmission of x
is given by the length of a shortest y such that D(y) = x. We choose
this least cost of transmission as the descriptional complexity of z under
specification method D.

Obviously, this descriptional complexity of x depends crucially on D.
The general principle involved is that the syntactic framework of the
description language determines the succinctness of description.

In order to objectively compare descriptional complexities of objects, to
be able to say “x is more complex than z,” the descriptional complexity
of x should depend on x alone. This complexity can be viewed as related
to a universal description method that is a priori assumed by all senders
and receivers. This complexity is optimal if no other description method
assigns a lower complexity to any object.

We are not really interested in optimality with respect to all description
methods. For specifications to be useful at all, it is necessary that the
mapping from y to D(y) be executable in an effective manner. That
is, it can at least in principle be performed by humans or machines.
This notion has been formalized as that of partial recursive functions.
According to generally accepted mathematical viewpoints it coincides
with the intuitive notion of effective computation.

The set of partial recursive functions contains an optimal function that
minimizes description length of every other such function. We denote
this function by Dg. Namely, for any other recursive function D, for all
objects x, there is a description y of x under Dg that is shorter than any
description z of z under D. (That is, shorter up to an additive constant
that is independent of z.) Complexity with respect to Dy minorizes the
complexities with respect to all partial recursive functions.

We identify the length of the description of x with respect to a fixed spec-
ification function Dy with the ‘algorithmic (descriptional) complexity’
of z. The optimality of Dy in the sense above means that the complexity
of an object z is invariant (up to an additive constant independent of
x) under transition from one optimal specification function to another.
Its complexity is an objective attribute of the described object alone: it
is an intrinsic property of that object, and it does not depend on the
description formalism. This complexity can be viewed as absolute infor-
mation content: the amount of information that needs to be transmitted
between all senders and receivers when they communicate the message
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in absence of any other a priori knowledge that restricts the domain of
the message.

Broadly speaking, this means that all description syntaxes that are pow-
erful enough to express the partial recursive functions are approximately
equally succinct. All algorithms can be expressed in each such program-
ming language equally succinctly, up to a fixed additive constant term.
The remarkable usefulness and inherent rightness of the theory of Kol-
mogorov complexity stems from this independence of the description
method.

Thus, we have outlined the program for a general theory of algorithmic
complexity. The four major innovations are as follows:

1. In restricting ourselves to formally effective descriptions, our defi-
nition covers every form of description that is intuitively acceptable
as being effective according to general viewpoints in mathematics
and logic.

2. The restriction to effective descriptions entails that there is a uni-
versal description method that minorizes the description length or
complexity with respect to any other effective description method.
This would not be the case if we considered, say, all noneffective
description methods. Significantly, this implies Ttem 3.

3. The description length or complexity of an object is an intrinsic
attribute of the object independent of the particular description
method or formalizations thereof.

4. The disturbing Richard-Berry paradox above does not disappear,
but resurfaces in the form of an alternative approach to proving
Kurt Godel’s (1906-1978) famous result that not every true math-
ematical statement is provable in mathematics.

(Go6del’s incompleteness result) Godel proved that in every consis-
tent powerful enough theory, there are true but unprovable statements.
He constructed such a statement. Here we use the incompressibility ar-
gument to show in a very simple manner that there are, in fact, infinitely
many such undecidable statements.

A formal system (consisting of definitions, axioms, rules of inference) is
consistent if no statement that can be expressed in the system can be
proved to be both true and false in the system. A formal system is sound
if only true statements can be proved to be true in the system. (Hence,
a sound formal system is consistent.)

Let = be a finite binary string. We write “z is random” if the shortest
binary description of x with respect to the optimal specification method
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Dy has length at least that of the literal description of x. A simple
counting argument shows that there are random z’s of each length.

Fix any sound formal system F' in which we can express statements like
“z is random.” Suppose F' can be described in f bits—assume, for exam-
ple, that this is the number of bits used in the exhaustive description of
F'in the first chapter of the textbook Foundations of F. We claim that
for all but finitely many random strings x, the sentence “z is random”
is not provable in F'. Assume the contrary. Then given F', we can start
to search exhaustively for a proof that some string of length n > f is
random, and print it when we find such a string. This is an « satisfying
the “z is random” sentence. This procedure to print x of length n uses
only logn+ f bits of data, where log denotes the binary logarithm, which
is much less than n. But x is random by the proof, which is a true fact
since F' is sound, and hence its shortest effective description has binary
length at least n. Hence, F' is not consistent, which is a contradiction.

&

This shows that although most strings are random, it is impossible to
effectively prove them random. In a way, this explains why the incom-
pressibility method in Chapter 6 is so successful. We can argue about
a ‘typical’ individual element, which is difficult or impossible by other
methods.

(Lower bounds) The secret of the successful use of descriptional com-
plexity arguments as a proof technique is due to a simple fact: the over-
whelming majority of strings have almost no computable regularities.
We have called such a string ‘random.” There is no shorter description
of such a string than the literal description: it is incompressible. Incom-
pressibility is a noneffective property in the sense of Example 1.1.1.

Traditional proofs often involve all instances of a problem in order to
conclude that some property holds for at least one instance. The proof
would be simpler if only that one instance could have been used in
the first place. Unfortunately, that instance is hard or impossible to
find, and the proof has to involve all the instances. In contrast, in a
proof by the incompressibility method, we first choose a random (that
is, incompressible) individual object that is known to exist (even though
we cannot construct it). Then we show that if the assumed property did
not hold, then this object could be compressed, and hence it would not
be random. Let us give a simple example.

A prime number is a natural number that is not divisible by natu-
ral numbers other than itself and 1. By the celebrated result of J.S.
Hadamard (1865-1963) and C.J.G.N. de la Vallée Poussin (1866-1962)
it is known that the number 7(n) of primes less than or equal to n sat-
isfies m(n) ~ n/lnn, where In denotes the natural logarithm. For more
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detailed results about 7(n) see Exercise 1.5.8 on page 17. We first prove
a weak result due to G.J. Chaitin: For infinitely many n, the number of
primes 7(n) satisfies

logn
m(n

= foglogn o(1). (1.1)
The proof method is as follows. For each n, we construct a descrip-
tion from which n can be effectively retrieved. This description will in-
volve the primes less than n. For some n this description must be long,
which shall give the desired result. Formally, assume that p1,p2,...,0m
is the list of all the primes less than n. Then, the integer number
n = p'ps?---p&r can be reconstructed from the vector of the expo-
nents. Each exponent is at most logn and can be represented by loglogn
bits. The description of n can be given in mloglogn bits provided we
know the value loglogn enabling us to parse the constituent blocks of
exponents. Thus, we prefix the description with a prefix-free code for
loglogn in (1 + o(1))logloglogn bits. (Prefix codes and their lengths
are described in Section 1.11.1.) It can be shown that for every integer
I > 0 there is a natural number n of binary length [ ~ logn that cannot
be described in fewer than [ bits (n is random), whence Equation 1.1
follows.

Can we do better? This is slightly more complicated. Let [(x) denote
the length of the binary representation of z. We shall show that for all
n, the number of primes 7(n) satisfies

1 n

oi (1.2)

where ¢(n) = O((loglogn)'T¢) for an arbitrary small € > 0. We argue
as follows: Every integer n can be described by the string E(m)n/pm,
where the binary string E(m) is a prefix-free encoding of m, which is
concatenated with the binary string representation of the integer n/py,,
and p,, is the largest prime dividing n. For random n, the length of
this description, {(E(m)) 4+ logn — log p,,, must exceed logn. Therefore,
log prm < I(E(m)). Tt is known (and easy) that we can set [(E(m)) <
logm + loglogm + log e(m), Section 1.11.1. Hence, p,, < Ny, with ng, =
e(m)mlogm. Since there are infinitely many primes (Equation 1.1), we
have proven that for the special sequence of values of ni,no,... the
number of primes 7(ny,) > N/ (€(nm) logngy,), for every m > 1. Let
us denote ¢, = Nppy1/nNm. For every n with n, < n < n,i1 we
have n,, < n < ¢pnm, with ¢, — 1 for m — oo. Therefore, Equa-
tion 1.2 holds for all n if we absorb both ¢, and loge in ¢(n). (Note
that logn = (loge)lnn.) The idea of connecting primality and prefix
code-word length is due to P. Berman, and the present proof is partially
due to J.T. Tromp.
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Chapter 6 introduces the incompressibility method. Its utility is demon-
strated in a variety of examples of proving mathematical and computa-
tional results. These include questions concerning the average-case anal-
ysis of algorithms (such as Shellsort, Heapsort and routing), sequence
analysis, formal languages, combinatorics, graphs, time and space com-
plexity of machine models, language recognition, communication com-
plexity, circuit complexity, and string matching. Other topics such as the
use of resource-bounded Kolmogorov complexity in the analysis of com-
putational complexity classes, the universal optimal search algorithm,
and logical depth are treated in Chapter 7. <&

(Prediction) We are given an initial segment of an infinite sequence
of zeros and ones. Our task is to predict the next element in the se-
quence: zero or one? The set of possible sequences we are dealing with
constitutes the sample space, in this case, the set of one-way infinite
binary sequences. We assume some orobability distribution p over the
sample space, where u(x) is the probability of the initial segment of a
sequence being z. Then the probability of the next bit being 0, after
an initial segment x, is clearly p(0|z) = w(20)/w(z). This problem con-
stitutes, perhaps, the central task of inductive reasoning and artificial
intelligence. However, the problem of induction is that in general we do
not know the distribution pu, preventing us from assessing the actual
probability. Hence, we have to use an estimate.

Now assume that p is computable. (This is not very restrictive, since any
distribution used in statistics is computable, provided the parameters
are computable.) We can use Kolmogorov complexity to give a very
good estimate of p. This involves the so-called universal distribution
M. Roughly speaking, M(z) is close to 27!, where I is the length in
bits of the shortest effective description of x. The distribution M has
the property that it assigns at least as high a probability to z as any
computable p (up to a multiplicative constant factor depending on u but
not on x). What is particularly important to prediction is the following:

Let S,, denote the p-expectation of a particular form of the error we
make in estimating the probability of the nth symbol by M. Then it can
be shown that the sum ) S, is bounded by a constant. In other words,
if S,, is smooth then it converges to zero faster than 1/n. Consequently,
any actual (computable) distribution can be estimated and predicted
with great accuracy using only the single universal distribution.

Among other things, Chapter 5 develops a general theory of inductive
reasoning and applies the notions introduced to particular problems of
inductive inference, prediction, mistake bounds, computational learning
theory, and minimum description length induction methods in statis-
tics. In particular, it is demonstrated that data compression improves
generalization and prediction performance. &
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1.2
Prerequisites
and Notation

The purpose of the remainder of this chapter is to define several concepts
we require, if not by way of introduction, then at least to establish
notation.

We usually deal with nonnegative integers, sets of nonnegative integers,
and mappings from nonnegative integers to nonnegative integers. A, B,
C,... denote sets. N, Z, Q, R denote the sets of nonnegative integers
(natural numbers including zero), integers, rational numbers, and real
numbers, respectively. For each such set A, by AT we denote the subset
of A consisting of positive numbers.

We use the following set-theoretic notation: © € A means that z is a
member of A. In {x : 2 € A}, the symbol : denotes set formation. A J B
is the union of A and B, A B is the intersection of A and B, and A
is the complement of A when the universe A|J A is understood. A C B
means A is a subset of B; A = B means A and B are identical as sets
(have the same members).

The cardinality (or diameter) of a finite set A is the number of elements
it contains and is denoted by d(A). If A = {a,...,a,}, then d(A) = n.
The empty set {}, with no elements in it, is denoted by @. In particular,
d(@) =0.

Given z and y, the ordered pair (x,y) consists of z and y in that order.
A x B is the Cartesian product of A and B, the set {(z,y) : ¢ € A and
y € B}. The n-fold Cartesian product of A with itself is denoted by A™.
If R C A2, then R is called a binary relation. The same definitions can be
given for n-tuples, n > 2, and the corresponding relations are n-ary. We
say that an n-ary relation R is single-valued if for every (z1,...,2n—1)
there is at most one y such that (z1,...,2,-1,y) € R. Consider the do-
main {(z1,...,on—1) : there is a y such that (x1,...,2,-1,y) € R} of a
single-valued relation R. Clearly, a single-valued relation R C A"~ ! x B
can be considered as a mapping from its domain into B. Therefore, we
also call a single-valued n-ary relation a partial function of n — 1 vari-
ables (‘partial’ because the domain of R may not comprise all of A"~1).
We denote functions by ¢,,... or f,g,h,.... Functions defined on the
n-fold Cartesian product A™ are denoted with possibly a superscript
denoting the number of variables, like (™ = ¢(") (z1,...,z,).

We use the notation (-) for some standard one-to-one encoding of N'™
into V. We will use (-) especially as a pairing function over N to associate
a unique natural number (x,y) with each pair (x,y) of natural numbers.
An example is (z,y) defined by y + (z + y + 1)(x + y)/2. This mapping
can be used recursively: (z,y, z) = (z, (y, 2)).

If ¢ is a partial function from A to B, then for each x € A either
¢(x) € B or ¢(z) is undefined. If = is a member of the domain of ¢,
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then ¢(z) is called a value of ¢, and we write ¢p(z) < oo and ¢ is called
convergent or defined at x; otherwise we write ¢(x) = oo and we call ¢
divergent or undefined at x. The set of values of ¢ is called the range of
¢. If ¢ converges at every member of A, it is a total function, otherwise
a strictly partial function. If each member of a set B is also a value of
¢, then ¢ is said to map onto B, otherwise to map into B. If for each
pair z and y, « # y, for which ¢ converges ¢(x) # ¢(y) holds, then ¢ is
a one-to-one mapping, otherwise a many-to-one mapping. The function
f A — {0,1} defined by f(x) = 1 if ¢(x) converges, and f(z) = 0
otherwise, is called the characteristic function of the domain of ¢.

If ¢ and ¢ are two partial functions, then ¢ (equivalently, ¥ (¢(z)))
denotes their composition, the function defined by {(z,y) : there is a
z such that ¢(x) = z and 1(z) = y}. The inverse ¢~ of a one-to-one
partial function ¢ is defined by ¢=1(y) = z iff ¢(x) = .

A set A is called countable if it is either empty or there is a total one-to-
one mapping from A to the natural numbers A'. We say A is countably
infinite if it is both countable and infinite. By 24 we denote the set of
all subsets of A. The set 2V has the cardinality of the continuum and is
therefore uncountably infinite.

For binary relations, we use the terms reflezive, transitive, symmetric,
equivalence, partial order, and linear (or total) order in the usual mean-
ing. Partial orders can be strict (<) or nonstrict (<).

If we use the logarithm notation logx without subscript, then we shall
always mean base 2. By In z we mean the natural logarithm log, x, where
e=2.7T1....

We use the quantifiers 3 (there exists), V (for all), 3°° (there exist
infinitely many), and the awkward V> (for all but finitely many). In
this way, V>°z[¢(z)] iff ~IF*°x[-¢(z)].

The absolute value of a real number r is denoted by |r| and is defined as
|r| = —r if r < 0 and r otherwise. The floor of a real number r, denoted
by |r], is the greatest integer n such that n < r. Analogously, the ceiling
of a real number r, denoted by [r], is the least integer n such that n > r.

| —1] =|1] = 1. |0.5] = 0 and [0.5] = 1. Analogously, |—0.5] = —1 and
[—-0.5] =0. But [2] =[2] =2 and |[-2] =[-2] = —2. &

A permutation of n objects is an arrangement of n distinct objects in an
ordered sequence. For example, the six different permutations of objects
a,b,c are

abce, ach, bac, bea, cab, cba.
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The number of permutations of n objects is found most easily by imag-
ining a sequential process to choose a permutation. There are n choices
of which object to place in the first position; after filling the first po-
sition there remain n — 1 objects and therefore n — 1 choices of which
object to place in the second position, and so on. Therefore, the number
of permutations of n objects is n x (n — 1) X -+ x 2 x 1, denoted by n!
and referred to as n factorial. In particular, 0! = 1.

A wariation of k out of n objects is an arrangement consisting of the
first k elements of a permutation of n objects. For example, the twelve
variations of two out of four objects a, b, ¢, d are

ab, ac, ad, ba, be, bd, ca, cb, cd, da, db, dc.

The number of variations of k out of n is n!/(n — k)!, as follows by the
previous argument. While there is no accepted standard notation, we
denote the number of variations by (n)g. In particular, (n)o = 1.

The combinations of n objects taken k at a time (n choose k) are the
possible choices of k different elements from a collection of n objects.
The six different combinations of two out of four objects a, b, ¢, d are

{a,b},{a,c},{a,d}, {b,c},{b,d}, {c,d}.
We can consider a combination as a variation in which the order does
not count. We have seen that there are n(n — 1)---(n — k + 1) ways
to choose the first k elements of a permutation. Every k-combination
appears precisely k! times in these arrangements, since each combination

occurs in all its permutations. Therefore, the number of combinations,
denoted by (Z), is

<n) =1 (n—k+1)

k k(k—1)---(1)
In particular, (8) = 1. The quantity (Z) is also called a binomial co-
efficient. It has an extraordinary number of applications. Perhaps the
foremost relation associated with it is the binomial theorem, discovered

in 1676 by Isaac Newton:

@y => (Z) akynr,

k

with n a positive integer. Note that in the summation k& need not be
restricted to 0 < k < n, but can range over —oco < k < 400, since for
k < 0 or k > n the terms are all zero.

An important relation following from the binomial theorem is found by
substituting y = 1:

@+1r=Y" (Z)xk

k
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Substituting also x = 1, we obtain

1.3.1. [12] Consider a random distribution of k distinguishable balls
in n cells, that is, each of the n* possible arrangements has probability
n~%. Show that the probability P; that a specified cell contains exactly
i balls (0 < i < k) is given by P; = (¥)(1/n)/(1 — 1/n)F".

Comments. Source: W. Feller, An Introduction to Probability Theory and
Its Applications, Vol. 1, Wiley, 1968.

1.3.2. [08] Show that (7) = " and (7) = (,",).

1.3.3. [M34] Prove the following identity, which is very useful in the
sequel of this book: Up to a fixed additive constant we have

+110 i
2 %%

log <n) :klog%+(nfk)log M=)

n
k n—=k
1.3.4. [15] (a) Prove that the number of ways n distinguishable balls
can be placed in k£ numbered cells such that the first cell contains n;
balls, the second cell no balls, up to the kth cell contains ny balls with

ni+---4+ng=nis

n n!
Niyee., Nk ny!--ng!

This number is called a multinomial coefficient. Note that the order
of the cells is essential in that the partitions (nq = 1,no = 2) and
(ny = 2,n9 = 1) are different. The order of the elements within a cell is
irrelevant.

(b) Show that

n
($1+"'+$k)"z<n n >x¥l.‘.mzk’
1y Tk

with the sum taken for all n; +--- +ng = n.

(¢) The number of ordered different partitions of n in r nonnegative
integral summands is denoted by A, . Compute A, , in the form of a
binomial coefficient.

Comments. (1,0) and (0,1) are different partitions, so A; 2 = 2. Source:
W. Feller, Ibid.
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1.3.5. [14] Define the occupancy numbers for n balls distributed over k
cells as a k-tuple of integers (nq, na, ..., ny) satisfying nq+no+- - -+ny =
n with n; > 0 (1 <4 < k). That is, the first cell contains n; balls, the
second cell no balls, and so on.

(a) Show that there are (m " nk) placements of n balls in k cells resulting
in the numbers (nq,...,ng).

(b) There are k™ possible placements of n balls in & cells altogether.
Compute the fraction that results in the given occupancy numbers.

(¢) Assume that all k™ possible placements of n balls in k cells are
equally probable. Conclude that the probability of obtaining the given
occupancy numbers is

n! pn
Comments. In physics this is known as the Mazwell-Boltzmann statistics

(here ‘statistics’ is used as a synonym for ‘distribution’). Source: W.
Feller, Ibid.

1.3.6. [15] We continue with the previous exercise. In physical situ-
ations the assumption of equiprobability of possible placements seems
unavoidable, for example, molecules in a volume of gas divided into (hy-
pothetical) cells of equal volume. Numerous attempts have been made
to prove that physical particles behave in accordance with the Maxwell—
Boltzmann distribution. However, it has been shown conclusively that
no known particles behave according to this distribution.

(a) In the Bose—Einstein distribution we count only distinguishable dis-
tributions of n balls over k cells without regard for the identities of the
balls. We are interested only in the number of solutions of n; +no+---+
ng = n. Show that this number is (k+271) = (ngle) Conclude that
the probability of obtaining each given occupancy number is equally
1/ (k'};le) (Tllustration: the distinguishable distributions of two balls
over two cells are [**, *|* and **|. According to Bose—Einstein statistics
there are only three possible outcomes for two coin flips: head—head,

head—tail, and tail-tail, and each outcome has equal probability %)

(b) In the Fermi—Dirac distribution, (1) two or more particles cannot
occupy the same cell and (2) all distinguishable arrangements satisfy-
ing (1) have the same probability. Note that (1) requires n < k. Prove
that in the Fermi-Dirac distribution there are in total (i) possible ar-
rangements. Conclude that the probability for each possible occupancy
number is equally 1/ (i)

Comments. According to modern physics, photons, nuclei, and atoms
containing an even number of elementary particles behave according to
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1.4
Binary Strings

model (a), and electrons, neutrons, and protons behave according to
model (b). This shows that nature does not necessarily satisfy our a
priori assumptions, however plausible they may be. Source: W. Feller,
Ibid.

We are concerned with strings over a nonempty set B of basic elements.
Unless otherwise noted, we use B = {0,1}. Instead of ‘string’ we also
use ‘word’ and ‘sequence’ synonymously. The way we use it, ‘strings’ and
‘words’ are usually finite, while ‘sequences’ are usually infinite. The set
of all finite strings over B is denoted by B*, defined as

B* = {¢,0,1,00,01,10, 11,000, . . .},

with € denoting the empty string, with no letters. Concatenation is a
binary operation on the elements of B* that associates xy with each
ordered pair of elements (z, y) in the Cartesian product B* x B*. Clearly,

1. B* is closed under the operation of concatenation; that is, if z and
y are elements of B*, then so is xy;

2. concatenation is an associative operation on B*; that is, (xy)z =
z(yz) = xyz; and

3. concatenation on B* has the unit element €; that is, ex = xe = .

We now consider a correspondence of finite binary strings and natural
numbers. The standard binary representation has the disadvantage that
either some strings do not represent a natural number, or each natural
number is represented by more than one string. For example, either 010
does not represent 2, or both 010 and 10 represent 2. We can map B*
one-to-one onto the natural numbers by associating each string with its
index in the length-increasing lexicographic ordering

(6,0),(0,1), (1,2), (00, 3), (01,4), (10,5), (11,6), .. .. (1.3)

In this way we represent x = ontl _ 1 4+ Z?:o ;2" by an ...ai1ap. This is
equivalent to = Z?:o b;2" with b; € {1,2} and b; = a; + 1 for 0 < i < n.

The binary representation for the natural numbers given in Equation 1.3
is different from the standard binary representation. It is convenient not
to distinguish between the first and second elements of the same pair,
and call them ‘string’ or ‘number’ arbitrarily. That is, we consider both
the string 01 and the natural number 4 as the same object. For example,
we may write 01 = 4. We denote these objects in general with lowercase
roman letters. A string consisting of n zeros is denoted by 0.
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If z is a string of n 0’s and 1’s, then x; denotes the ith bit (binary digit)
of x for all 4, 1 < i < n, and x;,; denotes the (j — i 4+ 1)-bit segment
TiTit1...2;. For x = 1010 we have 7 = 23 = 1 and 23 = x4 = 0; for
T = T1%2... T, We have T1.; = T1T2...x;. The reverse, 7, of a string
T =T1To...Tp 1S TpTp_1...21.

The length of a finite binary string x is the number of bits it contains
and is denoted by I(z). If x = x125 ... x,, then [(z) = n. In particular,
l(e) = 0.

Thus, [(zy) = I(z) +1(y), and I(z®) = I(x). Recall that we use the above
pairing of binary strings and natural numbers. Thus, [(4) = 2 and 01 = 4.
The number of elements (cardinality) in a finite set A is denoted by d(A).
Therefore, d({u : l(u) =n}) = 2" and d({u : [(u) < n}) =27+t — 1.

Let D be any function D : {0,1}* — AN. Considering the domain of
D as the set of code words, and the range of D as the set of source
words, D(y) = x is interpreted as ‘y is a code word for the source word
z, and D is the decoding function.” (In the introduction we called D a
specification method.) The set of all code words for source word z is
the set D~1(z) = {y : D(y) = x}. Hence, E = D! can be called the
encoding substitution (E is not necessarily a function). Let z,y € {0, 1}*.
We call x a prefiz of y if there is a z such that y = xz. A set A C {0,1}*
is prefiz-free if no element in A is the prefix of another element in A. A
function D : {0,1}* — N defines a prefiz-code if its domain is prefix-
free. (Coding theory is treated in Section 1.11.1.) A simple prefix-code
we use throughout is obtained by reserving one symbol, say 0, as a stop
sign and encoding € N as 170. We can prefix an object with its length
and iterate this idea to obtain ever shorter codes:

170 for i =0,
Ei(z) = { E;_1(l(x))x fori>0. (1.4)
Thus, Ey (z) = 1!®)0z and has length [(E; (z)) = 2I(x)+1. This encoding
is sufficiently important to have a simpler notation:

I(Bs(2)) = 1(z) + 21(1(x)) + 1.

We call T the self-delimiting version of the binary string x. Now we can
effectively recover both x and y unambiguously from the binary string
zy. If zy = 111011011, then « = 110 and y = 11. If 2y = 1110110101,
then x = 110 and y = 1.
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Exercises

It is convenient to consider also the set of one-way infinite sequences
Be°. If w is an element of B°°, then w = wjws ... and wi., = WiwWs...wy,.
The set of infinite sequences of elements from a finite, nonempty basic
set B corresponds with the set R of real numbers in the following way:
Let B ={0,1,...,k — 1} with k¥ > 2. If r is a real number 0 < r < 1
then there is a sequence wyws . .. of elements w,, € B such that

and that sequence is unique except when r is of the form ¢/k", in which
case there are exactly two such sequences, one of which has infinitely
many 0’s. Conversely, if wiws ... is an infinite sequence of integers with
0 < wyp < k, then the series

Wn

’ﬂkn

converges to a real number r with 0 < < 1. This sequence is called the
k-ary expansion of r. In the following we identify a real number r with
its k-ary expansion (if there are two k-ary expansions, then we identify
r with the expansion with infinitely many 0’s).

Define the set S C B> as the set of sequences that do not end with
infinitely many digits ‘6 — 1.” Then, S is in one-to-one correspondence
with the set of real numbers in the interval [0, 1).

Let = be a finite string over B. The set of all one-way infinite sequences
starting with x is called a cylinder and is denoted by I';. and is defined by
Iy = {aw : w € B®} with « € B*. Geometrically speaking, the cylinder
I, can be identified with the half-open interval [0.x,0.2 + k~'*)) in the
real interval [0,1). Observe that the usual geometric length of interval
I', equals k~'*), Furthermore, I'y C Ty iff x is a prefix of y. The prefix
relation induces a partial order on the cylinders of B*°. <&

1.4.1. [03] If Zyz = 10010111, what are z,y, z in decimal numbers?
Comments. 1,2, 6.
1.4.2. [07] (a) Show that for z € N we have [(z) = [log(z + 1)].

(b) Give another code ¢(z) for the natural numbers = 1,2,... such
that I(c(x)) = |logz].

Comments. Hint for Item (b): use the correspondence

(e,1),(0,2),(1,3), (00,4), (01,5), (10,6), (11, 7), . . ..
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1.5
Asymptotic
Notation

1.4.3. [10] Let £ : N'— {0,1}* be a total one-to-one function whose
range is prefix-free. E defines a prefix-code. Define the mapping (-) :
N xN — N by (z,y) = E(z)y.

(a) Show that (-) is total and one-to-one.

(b) Show that we can extend this scheme to k-tuples (ny,ng,...,ng) of
natural numbers to obtain a total one-to-one mapping from N x N x

-+ x N into N.

Comments. Define the mapping for (x,y, z) as (z, (y, z)), and iterate this
construction.

1.4.4. [10] Let E be as above. Define the mapping (-) : N' x N — N
by (z,y) = E(2)E(y).
(a) Show that (-) is a total one-to-one mapping and a prefix-code.

(b) Show that we can extend this scheme to k-tuples (ni,no,...,ng) of
natural numbers to obtain a total one-to-one mapping from N x N x
.- x N into NV that is a prefix-code.

Comments. Define the mapping for (x,y, z) as (z, (y, z)) and iterate this
construction. Another way is to map (z,vy,...,2) to E(z)E(y) ... E(z).

1.4.5. [10] (a) Show that E(z) = T is a prefix-code.

(b) Consider a variant of the Z code such that = z122 ... 2, is encoded
as x1lxol ... 1z, _112,0. Show that this is a prefix-code for the binary
nonempty strings with I(zZ) = 2{(x).

(¢) Consider © = z1x2 ...z, encoded as x1T1T2X2 ... Tp—1Tp—1Tn T
Show that this is a prefix-code for the nonempty binary strings.

(d) Give a prefix-code Z for the set of all binary strings z including e,
such that (%) = 2I(z) + 2.

It is often convenient to express approximate equality or inequality of
one quantity with another. If f and g are functions of a real variable,
then it is customary to denote lim, . f(n)/g(n) =1 by f(n) ~ g(n),
and we write ‘f goes asymptotically to g.’

P. Bachman introduced a convenient notation for dealing with approxi-
mations in his book Analytische Zahlentheorie in 1892. This big-O nota-
tion allows us to write I(z) = logz+O(1) (no subscript on the logarithm
means base 2).

We use the notation O(f(n)) whenever we want to denote a quantity
that does not exceed f(n) by more than a fixed multiplicative factor.
This is useful in case we want to simplify the expression involving this
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quantity by suppressing unnecessary detail, but also in case we do not
know this quantity explicitly. Bachman’s notation is the first of a family
of order of magnitude symbols: O, 0,2, and ©. If f and g are functions
on the real numbers, then

1. f(x) = O(g(x)) if there are constants ¢,z > 0 such that |f(z)| <
clg(x)], for all & > xo;

)
2. f(z) = olg(x)) if limy e f(2)/g(x) = O;
3. f(z) = Qg(a) i f(x) # o(g(x)); and

4. f(2) = O(g(x)) if both f(z) = O(g(x)) and f(x) = Ag(x)).

It is straightforward to extend these definitions to functions of more vari-
ables. For example, f(z,y) = O(g(x,y)) if there are positive constants
¢, To, yo such that |f(x,y)| < clg(z,y)|, for all © > xo,y > yo. The defi-
nitions are standard, except Item 3, and thereby Item 4, which involves
Item 3. This definition of 2 was introduced first by G.H. Hardy and J.E.
Littlewood in 1914 and is the one commonly used in mathematics. It has
the advantage that () is the complement of o. This is not the case with
the definition proposed by D.E. Knuth in 1976, which is often referred
to in computer science. Namely, Knuth defines f(x) = Q(g(x)) if there
is a constant ¢ > 0 such that |f(z)] > c|g(x)| from some x onward.
We have defined f(z) = Q(g(x)) if there is a constant ¢ > 0 such that
|f(z)| > c|g(z)| infinitely often. This use of { should not be confused
with Chaitin’s mystery number €2, which we encounter in Section 3.6.2.

The definition of the big-O notation contains some mysterious absolute
value signs. This becomes understandable if we realize that one wants
to use a term like O(f(z)) to bound the absolute value of an error term,
be it positive or negative, for example, as in

2? +asine = 2 + O(z).

This avoids the clumsy notation £O(f(x)) one would have been forced
to use otherwise. <&

If f(n) ~ g(n), then f(n) = O(g(n)), but the converse implication does
not hold. For instance, we have 22 = ©(x), but 2z ~ z does not hold.
On the other hand, —x = O(z). &

We can use O-notation to speak generically about mth-degree polynomi-
als, for instance, 14+2+---+n = n(n+1)/2. Then 14+2+---+n = O(n?),
but also 14+2+ - +n =n?/2+ O(n). The latter approximation is ob-
viously a stronger statement than the first approximation. Similarly, if
p(n) is a polynomial of degree m, then p(n) = O(n™) and p(n) = O(n™).

<&
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1.5.1. [07] Show that 2 = o(2?); sinz = O(1); 2= %/2 = o(1);  + 2> ~
22, and Y°_, kn = O(n?).

1.5.2. [10] Show that f(n) = O(f(n)); ¢ O(f(n)
is a constant; O(f(n) + O(f(n)) = ;
O(f(n))O(g(n)) = O(f(n)g

(n
1.5.3. [10] Show that f(n) = o(g(n

vice versa.

1.5.4. [M30] It is natural to wonder how large 100! is approximately,
without carrying out the multiplications implied by the definition. Prove
the approximation n! ~ v/2mn(n/e)™.

Comments. This celebrated approximation of the factorial function was
found by James Stirling [Methodus Differentialis (1730), 137].

1.5.5. [15] Denote the Hardy—Littlewood version of { we gave in the
main text by 2y and the Knuth version by Q.

(a) Show that for function f defined by loglog f(n) = [loglogn|, we
have f(n) = Qg (n) but for no € > 0 does f(n) = Qx(n'/?*€) hold.

(b) Show that nonetheless, while f(n) = O(n), for no € > 0 do we have
f(n) =0(n'~).

Comments. Source: P.M.B. Vitanyi and L.G.L.T. Meertens, SIGACT
News, 16:4(1985), 56-59.

1.5.6. [20] It is well known that n'/™ — 1 for n — oco.

(a) Show that n'/™ = /" =1 4 (Inn/n) +O0((Inn/n)?).

(b) Use (a) to show that lim,, .., n(n'/" — 1) = Inn.

1.5.7. [15] (a) Show that f(n) # Q(g(n)) iff f(n) = o(g(n)).

(b) Show that f(n) = ©(g(n)) or f(n) = o(g(n)) iff f(n) = O(g(n)).
(¢) Show that f(n) # O(g(n)) iff f(n) = Q(g(n)) and f(n) # O(g(n)).

1.5.8. [HM45] Let w(n) denote the number of primes that do not ex-
ceed n. Show that

(a) a crude approximation is m(n) ~ n/lnn;

(b) a better approximation is

™= T T T G gt (Un“)"’) '

Comments. The displayed formulas are called prime number theorems.
Source: R. Graham, D.E. Knuth, O. Patashnik, Concrete Mathematics,
Addison-Wesley, 1989.
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16.1
Kolmogorov
Axioms

It is useful to recall briefly the basic notions of probability theory. The
calculus of probabilities studies mathematical models of situations (ex-
periments, observations) in which the outcome is not deterministic but is
determined by uncertain circumstances. The set of all possible outcomes
is called the sample space, usually denoted by S, and an event E is a
subset of S. The sample space S can be countable, which means that
it is finite or countably infinite, or continuous, which means that it is
uncountably infinite.

The throwing of two dice, one white and one black, gives a sample space
S consisting of all pairs (4, j) where 4 is the number on the top face of
the white die and j is the number on the top face of the black die. If
A=1{(1,3),(2,2),(3,1)}, then A is the event that the sum of ¢ and j is
four. If B = {(1,1),(1,2),(2,1)}, then B is the event that the sum of ¢
and j is less than 4. <&

Intuitively, the probability p of an event A is the apparent limit of the
relative frequency of outcomes in A in the long run in a sequence of
independent repetitions of the experiment. For instance, the probability
associated with A in the example is %

Let S denote the sample space. Following A.N. Kolmogorov’s formaliza-
tion of 1933, it is customary to use the following axioms.

(Al) If A and B are events, then so is the intersection A B, the union
Al B, and the difference A — B.

(A2) The sample space S is an event. We call S the certain event. The
empty set, denoted by &, is an event. We call @ the impossible
event.

(A3) To each event F is assigned a nonnegative real number P(E) that
we call the probability of event F.

(A4) P(S)=1.
(A5) If A and B are disjoint, then P(A|JB) = P(A4) + P(B).
(A6) For a decreasing sequence A1 D Ay D --- D A, D -+ of events with

N, An = @ we have lim,_,o, P(4,) = 0.

For systems with finitely many events Axiom A6 clearly follows from
Axioms A1 through A5. For systems with infinitely many events, how-
ever, it is independent of the first five axioms. Therefore, Axiom A6 is
essential only for systems with infinitely many events.
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A system F of sets f C S that is closed under the binary operations
union, intersection, difference and contains a 1-element (here S) and a
0O-element (here &) is called a (set) field. The set of events F together
with the associated set function P, also called a measure on F, is called
a probability field and is denoted by (F, P). It is easy to show that the
axiom system Al through A6 is consistent (free from contradictions).
This is ascertained in the usual way by constructing an example that
satisfies the axioms. Let S consist of a single element, and let the set of
events be S and the empty event &, and set P(S) =1 and P(&) = 0. It is
easy to verify that the system defined in this way satisfies all the axioms
above. However, the set of axioms is incomplete: for different problems
in probability theory we have to construct different probability fields.

We call P a probability distribution over S. It follows from the axioms
that 0 < P(E) < 1 for every event E; P(@) = 0; if A C B, then
P(A) < P(B); if A is the complement S — A of A, then P(A) = 1—P(A);
and P(AUB) = P(A)+ P(B) — P(ANB). &

If A and B are two events, with P(A) > 0, then the conditional proba-
bility that B occurs given that A occurs is defined by

- 2408

It follows immediately that P(A[) B) = P(A)P(B|A), and by induction
we obtain the multiplication rule:

P(AﬂBﬂ---ﬂN) :P(A)P(B|A)---P(N|AﬂBﬂ--ﬂM).

Consider the setup of Example 1.6.1 again. Let A be the event that
at least one out of two dice shows an even number, and let B be the
event that the sum of the numbers shown is even. Then P(B|A) =
P(ANB)/P(A) = 3.

The function P(-|A) is a probability distribution on S and is called the
conditional probability distribution given A. Clearly, P(A|A) = 1.

Rewriting P(A () B) as P(B)P(A|B) and as P(A)P(B|A), substitution
yields the formula that incorporates the essence of Bayes’s rule,
P(A)P(B|A)

PUAIB) = =55

We require the law of complete probabilities. Let AUBU---UN = S
for disjoint events A, B,..., N, and let X be an arbitrary event. Then

P(X) = P(A)P(X|A) + P(B)P(X|B) + - -- + P(N)P(X|N).
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If A,B,..., N are disjoint and X is arbitrary, it is easy to derive from
the previous two displayed formulas the important Bayes’s rule:

PY)P(X]Y)

PO = By pXTA) + PIB)P(XIB) + -+ P(V)P(X|N)’

where Y € {A,B,...,N}. We often call A, B,..., N hypotheses and say
that Bayes’s rule gives the posterior or inferred probability P(Y|X) of
hypothesis Y after occurrence of event X. It is common to call P(Y)
the prior probability (or a priori probability) of hypothesis Y before the
occurrence of event X . In Sections 1.10 and 5.1.3 we analyze the meaning
of Bayes’s rule in detail, and in Chapter 5 we apply it extensively in
inductive reasoning. &

The notion of mutual independence of two or more events lies at the
heart of probability theory. From a mathematical viewpoint the given
axioms specify just a special application of the general theory of additive
sets. However, the special nature of this application is to a large part
contained in the way we formalize the intuitive notion of mutual indepen-
dence of events. In the following we assume that the events have positive
probabilities. Events A and B are mutually independent ift P(A|B) =
P(A) and P(BJ|A) = P(B), in other words, P(A(\B) = P(A)P(B).
And more generally for n > 2 events, events A, B,..., N are mutu-
ally independent iff for all subsets of pairwise distinct X,Y,...,Z in
A,B,...,N we have

P(XY()---[)2) = P(X).

In Example 1.6.1, we have P(A( B) # P(A)P(B), and hence the events
A and B are not independent.

The classical work on probability from Laplace to von Mises is essentially
concerned with the investigation of sequences of independent events. For
instance, in a sequence of throws of a fair coin the throws are treated
as mutually independent events. (We do not consider that after a run
of a hundred ‘heads’ the chance on throwing ‘tails’ has increased.) If
in newer developments such as so-called Markov processes one often
dispenses with complete independence, then still some weaker analogous
requirements have to be imposed to obtain meaningful results. &

If a field is infinite, and additionally all countable unions |J A,, of dis-
joint events A,, belong to it, then we call it a Borel field or o-algebra
in honor of E. Borel (1871-1956). We denote a Borel field by the Greek
letter o. It follows easily that in a Borel field ¢ all countable unions
of not necessarily disjoint events also belong to o, and the same holds
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for countable intersections. The closure of F, under the field operations
and countable union together, gives the unique smallest Borel field that
contains F. Suppose (F, P) is an infinite probability field. It is a fun-
damental result of measure theory that an extension of both F and P
under countable union and addition, respectively, preserving satisfaction
of Axioms A1 through A6, is always possible and, moreover, unique. The
result is called the Borel extension (o, P*) of the probability field. This is
best illustrated by the construction of such an extension in a particular
case.

We consider infinite binary sequences. The Borel probability field we
aim at has as sample space S the real numbers in the half-open interval
[0,1). We start out by identifying a real w with its infinite binary ex-
pansion 0.wiws . ... In case a real number has two representations, such
as %, which can be represented by 0.100... and 0.011..., we choose the
representation with infinitely many zeros. A cylinder T';, consisting of all
real numbers that start with 0.z, where z is a finite binary string, is an
event. The probability field (F, P) is formed as follows. The set field F
is the closure of all cylinder events under pairwise union, intersection,
and difference. It contains the impossible event (by I'o((T1 = @) and
the certain event I'.. The uniform distribution, or Lebesgue measure,
usually denoted by A, associates with each cylinder I'y a probability
MT,) = 27'®). By Axioms A1 through A5 all unions and intersections
of pairs of cylinders are events, including the empty set, and have associ-
ated probabilities. We now consider the closure o of F under countably
infinite union and the field operations. Then ¢ is the smallest Borel
field containing F as a subfield. Let A be an arbitrary subset of S. De-
fine P*(A) as the greatest lower bound on ) P(A,) for all coverings
A C N, An of A by Ai, Ay, ..., finitely many or countably infinitely
elements from F. It can be shown that for elements A in the original
field F we have P*(A) = P(A). We can also say that the probability
distribution P(A) on the sets in F associates the measure P(A) with A.

&

Sample spaces can be discrete (natural numbers), countable (the rational
numbers), or continuous (the real numbers). We will be interested in
discrete versus continuous measures. The discrete measures we consider
will have as sample space the natural numbers N or, equivalently, the
set of finite binary sequences {0, 1}*. The continuous measures will have
as sample space the real numbers R or, equivalently, the set of one-way
infinite binary sequences {0, 1}°°. Consider the continuous sample space
S = {0, 1}°° with measure p. If € is the empty word, then pu(T'c) =1 by
Axiom A4, and for all z € {0,1}*, p(T'y) = p(Ty0) + p(T'z1) by Axiom
A5. For convenience, we will in Chapters 4 and 5 write p(z) instead
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of u(T';) and consider a measure p as a function from the finite binary
strings into the positive real numbers satisfying Axioms A4 and A5. <

A real-valued function on a sample space S is called a random variable.
We denote random variables by X, Y, Z. A random variable maps an
element from the sample space to an aspect of it we are interested in (or
want to measure). For instance, S consists of the set of infinite binary
sequences, and for each w = wjws... in S the random variable X is
defined as X (w) = wy. We can also talk about a random variable X that
is a finite vector X1 X5 ... X, or infinite vector X7 X5 ... with X;(w) = w;
for all 7. If w is a sequence of outcomes of fair coin tosses, the measure
on S is the Lebesgue measure A, and Mw : X;(w) = 0} = 1 for all
1. Justified by the definitions above, we call the random variables X;
independent.

Another example of a random variable is Y;(w) = k, where k is the
length of the longest uninterrupted subsequence of zeros in wy.;. Clearly,
always either Y;(w) = Yi41(w) or Y;(w) < Y;11(w), where both options
occur. The random variables Y; are dependent.

If P is a measure on S, then we customarily denote P{w : X (w) < x} by
the shorthand P(X < z). The function F defined by F'(z) = P(X < z)
is called the distribution function. For instance, the random variable X
defined as the outcome of a single throw of a fair die has distribution
function P(X <) =14/6,i=1,2,...,6. A random variable is discrete if
the distribution function F' is a step function. The domain of a discrete
random variable consists of finitely many or countably infinitely many
elements {x1,x2,...}. The function P(X = x;), i« = 1,2,..., is the
probability mass function. The probability mass function associated with
the outcome of a single throw of a fair die is P(X =) = §. A random
variable is continuous if the distribution function F' has a continuous
derivative f (at most discontinuous in finitely many points). This f is
called the probability density function. For instance, if the distribution
function of a random variable satisfies F(x) = 1 — e~ ** for x > 0, and
F(z) = 0 for z < 0, then the density function is f(x) = Ae =% for x > 0,
and f(xz) =0 for z <0. &

1.6.1. [17] A random sample of size k is taken from a population of n
elements. We draw the k elements one after the other and replace each
drawn element in the population before drawing the next element. What
is the probability of the event that in the sample no element occurs twice,
that is, our sample could have been obtained also by sampling without
replacement?

Comments. (n)/n*. Source: W. Feller, An Introduction to Probability
Theory and Its Applications, Vol. 1, Wiley, 1968.
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1.6.2. [15] Consider the population of digits {0,1,...,9}. Use the for-
mula you have found above to check that the probability that five con-
secutive random digits are all different is p = (10)5/10° = 0.3024.

Comments. Source: W. Feller, Ibid.

1.6.3. [15] What is the probability that in a party of 23 people at least 2
people have a common birthday? Assume that birthdays are uniformly
distributed over a year of 365 days and that the people at the party
constitute a random sample. Use the formula derived above.

Comments. Note that contrary to intuition, it is better to bet that there
will be shared birthdays than the other way. For a party of 23, the
probability is close to 0.5. However, the analogous probability for a party
of only 30 people already exceeds 0.7. Source: W. Feller, Ibid.

1.6.4. [10] Show that the probability of obtaining at least one ace (a 6)
in four throws with one die is greater than the probability of obtaining
at least one double ace in twenty-four throws with two dice.

Comments. This is known as Chevalier de Méré’s paradox. It was posed
by this passionate gambler to Pierre de Fermat, who wrote a solution
in a letter to Blaise Pascal in 1654. It was solved earlier by G. Cardano
(1501-1576). Source: [Amer. Math. Monthly 67(1960), 409-419].

1.6.5. [08] Which probability is greater: to score at least one ace (a 6)
in six throws of a die, or to score at least two aces in twelve throws of a
die?

Comments. This question was submitted to Isaac Newton by the famous
diarist Samuel Pepys in 1693. Newton answered that an easy computa-
tion shows that the first event has the greater probability, but failed to
convince Pepys. Source: [The Amer. Statistician, 14(1960), 27-30].

1.6.6. [M12] The uniform distribution over the countable sample
space S = N can be defined as the probability density function

L(z) = 272~ or alternatively, mzfﬂr).
(a) Show that in both cases ) g L(z) = 1.

(b) Let S1,53,... be a sequence of sample spaces with S,, = {x : I(z) =
n}. Show that the probability density function L,(x) = L(z|l(z) = n)
assigns probability L, (x) = 1/2" to all  of length n, and zero proba-
bility to other x’s, forn =1,2,....

1.6.7. [15] The wuniform distribution A over the continuous sample
space S = {0,1}°°, the set of one-way infinite binary sequences (the
half-open interval of real numbers [0, 1)), is described in Example 1.6.5.
Let the L,’s be as above. Show that A(I'z) = Ly (), for all z = {0, 1}*.
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Basics of
Computability
Theory

While the qualitative ideas immanent in Kolmogorov complexity had
been around for a long time, their ultimate applicability in quantitative
form became possible only after the rise of computability theory (equiva-
lently, recursive function theory) in the 1930s. In this section we develop
and review completely the basic notions of that theory insofar as they
are needed in the sequel.

In 1936 Alan M. Turing (1912-1954) exhibited an exceedingly simple
type of hypothetical machine and gave a brilliant demonstration that
everything that can be reasonably said to be computed by a human
computer using a fixed procedure can be computed by such a machine.
As Turing claimed, any process that can be naturally called an effec-
tive procedure is realized by a Turing machine. This is known as Tur-
ing’s thesis. Over the years, all serious attempts to give precise yet in-
tuitively satisfactory definitions of a notion of ‘effective procedure’ in
the widest possible sense have turned out to be equivalent—to define
essentially the same class of processes. (In his original paper, Turing
established the equivalence of his notion of ‘effective procedure’ with
Alonzo Church’s (1903-1995) notion of ‘effective calculability.”) Church’s
thesis states that in this sense, there is an objective notion of effective
computability independent of a particular formalization.

While the formal part of Turing’s paper is difficult to follow for the
contemporary reader, the informal arguments he sets forth are as lucid
and convincing now as they were then. To us it seems that it is the
best introduction to the subject, and we reproduce this superior piece
of expository writing below.

“All arguments [for Turing’s thesis| are bound to be, fundamentally, appeals
to intuition, and for that reason rather unsatisfactory mathematically. The
real question at issue is: ‘what are the possible processes which can be carried
out in computing (a number)?’ The arguments which I shall use are of three
kinds.

(a) A direct appeal to intuition.

(b) A proof of equivalence of two definitions (in case the new definition has a
greater intuitive appeal).

(c) Giving examples of large classes of numbers which are computable.

Once it is granted that computable numbers are all ‘computable [by Turing
machines],” several other propositions of the same character follow. In partic-
ular it follows that, if there is a general process for determining whether a
formula (of the Hilbert function calculus) is provable, then the determination
can be carried out by machine. [...]

Computing is normally done by writing certain symbols on paper. We may
suppose this paper to be divided into squares like a child’s arithmetic book. In
elementary arithmetic the 2-dimensional character of the paper is sometimes
used. But such use is always avoidable, and I think it will be agreed that the
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two-dimensional character of paper is no essential of computation. I assume
then that the computation is carried out on one-dimensional paper, on a tape
divided into squares. I also suppose that the number of symbols which may be
printed is finite. If we were to allow an infinity of symbols, then there would
be symbols differing to an arbitrarily small extent.

The effect of this restriction on the number of symbols is not very serious. It
is always possible to use sequences of symbols in the place of single symbols.
Thus an Arabic numeral such as 17 or 999999999999999 is normally treated
as a single symbol. Similarly in any European language words are treated as
single symbols (Chinese, however, attempts to have an enumerable infinity of
[atomic] symbols). The differences in our point of view between single and
compound symbols is that the compound symbols, if they are too lengthy,
cannot be observed at one glance. This is in accordance with experience. We
cannot tell at a glance whether 99999999999999999 and 999999999999999999
are the same. [...]

The behaviour of the [human] computer at any moment is determined by the
symbols he is observing, and his ‘state of mind’ at that moment. We may
suppose that there is a bound B to the number of symbols or squares which
the computer can observe at one moment. If he wishes to observe more, he
must use successive observations. We will also suppose that the number of
states of mind which need be taken into account is finite. The reasons for this
are of the same character as those which restrict the number of symbols. If
we admit an infinity of states of mind, some of them will be ‘arbitrarily close’
and will be confused. Again, the restriction is not one which seriously affects
computation, since the use of more complicated states of mind can be avoided
by writing more symbols on the tape. [...]

Let us imagine the operations performed by the computer to be split up in
‘simple operations’ which are so elementary that it is not easy to imagine them
further divided. Every such operation consists of some change of the physical
system consisting of the computer and his tape. We know the state of the
system if we know the sequence of symbols on the tape, which of these are
observed by the computer (possibly with a special order), and the state of
mind of the computer. We may suppose that in a simple operation not more
than one symbol is altered. Any other changes can be split up into simple
changes of this kind. The situation in regard to the squares whose symbols
may be altered this way is the same as in regard to the observed squares.
We may, therefore, without loss of generality, assume that the squares whose
symbols are changed are the ‘observed’ squares. [...]

'If we regard a symbol as literally printed on a square, we may suppose that
the square is 0 < x < 1, 0 < y < 1. The symbol is defined as the set of
points in this square, viz., the set occupied by printer’s ink. If these sets are
restricted to be measurable, we can define the ‘distance’ between two symbols
as the cost of transforming one symbol into the other if the cost of moving a
unit area of printer’s ink unit distance is unity, and there is an infinite supply
of ink at x = 2, y = 0. With this topology the symbols form a conditionally
compact space [Turing’s note].
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Besides these changes of symbols, the simple operations must include changes
of distribution of observed squares. The new observed squares must immedi-
ately be recognized by the computer. I think it is reasonable to suppose that
they can only be squares whose distance from the closest of the immediately
previously observed squares does not exceed a certain fixed amount. Let us say
that each of the new observed squares is within L squares of the immediately
previously observed square. .. ]

In connection to ‘immediate recognizability,” it may be thought that there
are other kinds of squares which are immediately recognizable. In particular,
squares marked by special symbols may be taken as immediately recognizable.
Now if these squares are marked only by single symbols there can be only a
finite number of them, and we should not upset our theory by adjoining these
marked squares to the observed squares. If, on the other hand, they are marked
as a sequence of symbols, we cannot regard the process of recognition as a
simple process. This is a fundamental point and should be illustrated. In most
mathematical papers the equations and theorems are numbered. Normally
the numbers go not beyond (say) 1000. It is, therefore, possible to recognize a
theorem at a glance by its number. But if the paper was very long, we might
reach Theorem 157767733443477; then, further on in the paper, we might
find ‘... hence (applying Theorem 157767733443477) we have ...." In order to
make sure which was the relevant theorem we should have to compare the two
numbers figure by figure, possibly ticking the figures off in pencil to make sure
of their not being counted twice. If in spite of this it is still thought that there
are other ‘immediately recognizable’ squares, it does not upset my contention
so long as these squares can be found by some process of which my type of
machine is capable. [...]

The simple operations must therefore include:
(a) Changes of the symbol on one of the observed squares.
(b) Changes of one of the squares observed to another square within L squares

of one of the previously observed squares.

It may be that some of these changes necessarily involve a change of state of
mind. The most general single operation must therefore be taken to be one of
the following:

(A) A possible change (a) of symbol together with a possible change of state of

mind.

(B) A possible change (b) of observed squares, together with a possible change

of state of mind.

The operation actually performed is determined, as has been suggested [above]
by the state of mind of the computer and the observed symbols. In particular,
they determine the state of mind of the computer after the operation. [...]

We may now construct a machine to do the work of this computer. To each
state of mind of the computer corresponds an ‘m-configuration’ of the machine.
The machine scans B squares corresponding to the B squares observed by the
computer. In any move the machine can change a symbol on a scanned square
or can change any one of the scanned squares to another square distant not
more than L squares from one of the other scanned squares. [Without loss
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1.7.1
Effective
Enumerations
and Universal
Machines

of generality restrict L and B to unity.] The move which is done, and the
succeeding configuration, are determined by the scanned symbol and the m-
configuration. The machines just described do not differ very essentially from
computing machines as defined (previously) and corresponding to any machine
of this type a computing machine can be constructed to compute the same
sequence, that is to say, the sequence computed by the computer. [...]

We suppose [above] that the computation is carried out on a tape; but we avoid
introducing the ‘state of mind’ by considering a more physical and definitive
counterpart of it. It is always possible for the computer to break off from his
work, to go away and forget all about it, and later to come back and go on
with it. If he does this he must leave a note of instructions (written in some
standard form) explaining how the work is to be continued. This note is the
counterpart of ‘the state of mind.” We will suppose that the computer works
in such a desultory manner that he never does more than one step and write
the next note. Thus the state of progress of the computation at any stage
is completely determined by the note of instructions and the symbols on the
tape. That is, the state of the system may be described by a single expression
(sequence of symbols), consisting of the symbols on the tape followed by a
special marker (which we suppose not to appear elsewhere) and then by the
note of instructions. This expression may be called the ‘state formula.” We
know that the state formula at any given stage is determined by the state
formula before the last step was made, and we assume that the relation of
these two formulae is expressible in the functional calculus. In other words,
we assume that there is an axiom A which expresses the rules governing the
behaviour of the computer, in terms of the relation of the state formula at any
stage to the state formula at the preceding stage. If this is so, we can construct
a machine to write down the successive state formulae, and hence to compute
the required number.”

We formalize Turing’s description as follows: A Turing machine consists
of a finite program, called the finite control, capable of manipulating a
linear list of cells, called the tape, using one access pointer, called the
head (Figure 1.1). We refer to the two directions on the tape as right
and left. The finite control can be in any one of a finite set of states @,
and each tape cell can contain a 0, a 1, or a blank B. Time is discrete
and the time instants are ordered 0,1,2,..., with 0 the time at which
the machine starts its computation. At any time, the head is positioned
over a particular cell, which it is said to scan. At time 0 the head is
situated on a distinguished cell on the tape called the start cell, and the
finite control is in a distinguished state gy. At time O all cells contain
B’s, except for a contiguous finite sequence of cells, extending from the
start cell to the right, which contain 0’s and 1’s. This binary sequence
is called the input.

The device can perform the following basic operations:

1. it can write an element from A = {0, 1, B} in the cell it scans; and
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FIGURE 1.1. Turing machine

2. it can shift the head one cell left or right.

When the device is active it executes these operations at the rate of
one operation per time unit (a step). At the conclusion of each step, the
finite control takes on a state from (). The device is constructed so that
it behaves according to a finite list of rules. These rules determine, from
the current state of the finite control and the symbol contained in the
cell under scan, the operation to be performed next and the state to
enter at the end of the next operation execution.

The rules have format (p,s,a,q): p is the current state of the finite
control; s is the symbol under scan; a is the next operation to be executed
of type (1) or (2) designated in the obvious sense by an element from
S ={0,1,B, L, R}; and q is the state of the finite control to be entered
at the end of this step.

Any two distinct quadruples cannot have their first two elements iden-
tical: the device is deterministic. Not every possible combination of the
first two elements has to be in the set; in this way we permit the device
to perform no operation. In this case we say that the device halts. Hence,
we can define a Turing machine by a mapping from a finite subset of
Q x Ainto S x Q. Given a Turing machine and an input, the Turing ma-
chine carries out a uniquely determined succession of operations, which
may or may not terminate in a finite number of steps.

We can associate a partial function with each Turing machine in the
following way: The input to the Turing machine is presented as an n-
tuple (z1,...,x,) of binary strings in the form of a single binary string
consisting of self-delimiting versions of the x;’s. The integer represented
by the maximal binary string (bordered by blanks) of which some bit
is scanned, or 0 if a blank is scanned, by the time the machine halts is
called the output of the computation.

Under this convention for inputs and outputs, each Turing machine de-
fines a partial function from n-tuples of integers onto the integers, n > 1.
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We call such a function partial recursive. If the Turing machine halts for
all inputs, then the function computed is defined for all arguments and
we call it total recursive, or simply recursive.

We call a function with range {0, 1} a predicate, with the interpretation
that the predicate of an n-tuple of values is ‘true’ if the corresponding
function assumes value 1 for that n-tuple of values for its arguments
and is ‘false’ or ‘undefined’ otherwise. Hence, we can talk about partial
(total) recursive predicates.

Consider x as a binary string. It is easy to see that the functions I(z),
f(z) =z, g(Ty) = =, and h(ZTy) = y are partial recursive. Functions g
and h are not total since the value for input 1111 is not defined. The
function ¢'(Zy) defined as 1 if x = y and as 0 if x # y is a recursive
predicate. Consider x as an integer. The following functions are basic
n-place total recursive functions: the successor function 'y(l)(ac) =+
1, the zero function ¢(™ (1,...,2n) = 0, and the projection function

7T'S:Z)(xlﬁ"'7"1;71)::L‘wz (1§m§n) &

The function (z,y) = Ty is a total recursive one-to-one mapping from
N x N into N. We can easily extend this scheme to obtain a total
recursive one-to-one mapping from k-tuples of integers into the integers,
for each fixed k. Define (ni,na,...,ng) = (n1, (na,...,ng)).

Another total recursive one-to-one mapping from k-tuples of integers
into the integers is (ny,na,...,nE) = Ay ... Hg_17k. O

Church’s thesis. The class of algorithmically computable numerical
functions (in the intuitive sense) coincides with the class of partial re-
cursive functions.

Originally intended as a proposal to henceforth supply intuitive terms
such as ‘computable’ and ‘effective procedure’ with a precise meaning
as ‘recursive’ and ‘recursive function,” Church’s thesis has come into use
as shorthand for a claim that from a given description of a procedure in
terms of an informal set of instructions we can derive a formal one in
terms of Turing machines.

It is possible to give an effective (computable) one-to-one pairing be-
tween natural numbers and Turing machines. This is called an effective
enumeration. One way to do this is to encode the table of rules of each
Turing machine in binary, in a canonical way.

The only thing we have to do for every Turing machine is to encode
the defining mapping 7" from @ x A into S x Q. Giving each element
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of QS a unique binary code requires s bits for each such element,
with s = [log(d(Q) + 5)]. Denote the encoding function by e. Then the
quadruple (p,0, B, q) is encoded as e(p)e(0)e(B)e(q). If the number of
rules is r, then r < 3d(Q). We agree to consider the state of the first
rule as the start state. The entire list of quadruples,

T = (p17t17517q1>7 (p27t27527q2)7 ceey (prvtr75T7QT)7

is encoded as

E(T) = sre(pr)e(ti)e(s1)e(qr) - - - e(pr)e(tr)e(sr)e(gr)-

Note that [(E(T)) < 4rs 4+ 2logrs + 4. (Moreover, E is self-delimiting,
which is convenient in situations in which we want to recognize the
substring E(T) as prefix of a larger string; see Section 1.4.)

We order the resulting binary strings lexicographically (according to in-
creasing length). We assign an index, or Godel number, n(T') to each
Turing machine T by defining n(T') =4 if E(T) is the ith element in the
lexicographic order of Turing machine codes. This yields a sequence of
Turing machines 77,75, ... that constitutes the effective enumeration.
One can construct a Turing machine to decide whether a given binary
string = encodes a Turing machine, by checking whether it can be de-
coded according to the scheme above, that the tuple elements belong to
Q x Ax SxQ, followed by a check whether any two different rules start
with the same two elements. This observation enables us to construct
‘universal’ Turing machines. &

A universal Turing machine U is a Turing machine that can imitate the
behavior of any other Turing machine T'. It is a fundamental result that
such machines exist and can be constructed effectively. Only a suitable
description of T’s finite program and input needs to be entered on U’s
tape initially. To execute the consecutive actions that T" would perform
on its own tape, U uses T’s description to simulate T’s actions on a
representation of T’s tape contents. Such a machine U is also called
‘computation universal.” In fact, there are infinitely many such U’s.

We focus on a universal Turing machine U that uses the encoding above.
It is not difficult, but tedious, to define a Turing machine in quadruple
format that expects inputs of the format 1'0p and acts as follows: On
the tape left of the input, U starts to generate the successive strings in
{0, 1}* in lexicographic order according to increasing length and checks
for each such string whether it encodes a Turing machine. For each
Turing machine it finds, it replaces one 1 in 1? in the input by a B. The
binary string E(T') that causes the delimiter 0 to be read encodes T with
n(T) = 4. Subsequently, U starts to execute the successive operations of
T using p as input and the description E(T) of T' it has found. We omit
the explicit construction of U. &
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For the contemporary reader there should be nothing mysterious in the con-
cept of a general-purpose computer which can perform any computation when
supplied with an appropriate program. The surprising thing is that a general-
purpose computer can be very simple: it has been shown that four tape sym-
bols and seven states suffice easily in the above scheme [M. Minsky, Computa-
tion: Finite and Infinite Machines, Prentice-Hall, 1967]. This machine can be
changed to, in the sense of being simulated by, our format using tape symbols
{0,1, B} at the cost of an increase in the number of of states; see Section 1.12.

The effective enumeration of Turing machines 77,75, ... determines an
effective enumeration of partial recursive functions ¢1, ¢2, ... such that
¢; is the function computed by T;, for all 7. It is important to distin-
guish between a function 1) and a name for v. A name for ¢ can be an
algorithm that computes ¢, in the form of a Turing machine T'. Tt can
also be a natural number ¢ such that 1) equals ¢; in the above list. We
call 4 an index for . Thus, each partial recursive ) occurs many times
in the given effective enumeration, that is, it has many indices.

The partial recursive function (?) (i, z) computed by the universal Tur-
ing machine U is called the universal partial recursive function.

The generalization to n-place functions is straightforward. A partial re-
cursive function vtV (i, x1, ... x,) is universal for all n-place partial
recursive functions if for each partial recursive function ¢ (zy, ..., x,)
there exists an i such that the mapping v("+1) with the first argument
fixed to i is identical to the mapping ¢(™. Here i is an index of (™)
with respect to ("1, For each n, we fix a partial recursive (n + 1)-
place function that is universal for all n-place partial recursive functions.
The following lemma is usually called the enumeration theorem for n-
place partial recursive functions. Here z is the index of the universal
function.

For each n there exists an index z such that for all i and x1,...,x,, if
qbgn) (X1,...,2n) 18 defined, then qS(ZnH)(i, TlyenoyTp) = (;55") (X1, s 2n),
and ¢§n+1)(i,x1, .oy ZTp) is undefined otherwise. ( 2"“) 18 a universal

partial recursive function that enumerates the partial recursive functions
of n variables.)

Proof. The machine of Example 1.7.4 is universal for all n-place partially
recursive functions, for all n. m]

It is easy to see that universality is oblivious to n-arity, at least in the
chosen computational model of Turing machines. We say that a partial
recursive function ¢(™ on arguments 1, ..., z, is computed in time t
(t steps or t operations) by Turing machine T if T' computes #™ and
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T halts within ¢ steps when it is started on the input corresponding to
these arguments.

For all partial recursive functions (™) there exists a recursive function
YD such that P (t 2y, .. 2n) = 1if o) (21, ..., 2,,) can be com-
puted in not more than t steps, and w("+1)(t, Z1,...,%n) = 0 otherwise.

Proof. Let T be a Turing machine that computes ¢. Modify T" to a Turing
machine T” that computes 1 from an input with one extra variable, the
clock, containing the natural number ¢. Machine T” works exactly like
T, except that it decrements the clock by one for every simulated step
of T'. If simulator T” enters a halting configuration of T" with a positive
clock value, then T outputs 1. If 77 decrements its clock to zero, then
it halts and outputs 0. O

A set A is recursively enumerable if it is empty or the range of some total
recursive function f. We say that f enumerates A. The intuition behind
this definition is that there is a Turing machine for listing the elements
of A in some arbitrary order with repetitions allowed. An equivalent
definition is that A is recursively enumerable if it is accepted by a Turing
machine. That is, for each element in A, the Turing machine halts in a
distinguished accepting state, and for each element not in A the machine
either halts in a nonaccepting state or computes forever.

A set A is recursive if it possesses a recursive characteristic function.
That is, A is recursive iff there exists a recursive function f such that
for all z, if z € A, then f(z) = 1, and if # € A, then f(x) =0 (A is the
complement of A). An equivalent definition is that A is recursive if A is
accepted by a Turing machine that always halts. Obviously, all recursive
sets are recursively enumerable.

The following sets are recursive: (i) the set of odd integers; (ii) the set
of natural numbers; (iii) the empty set; (iv) the set of primes; (v) every
finite set; (vi) every set with a finite complement. The following sets are
recursively enumerable: (i) every recursive set; (ii) the set of indices 4
such that the range of ¢; is nonempty; (iii) the set {x : a run of at least
x consecutive 0’s occurs in 7}, where 7 = 3.1415. . .. <&

(i) A set A is recursive iff both A and its complement A are recursively
enumerable.

(ii) An infinite set A is recursive iff it is recursively enumerable in in-
creasing order. (Here we have postulated a total order on the elements
of A. For instance, if A C N with the usual order, then ¢ enumerates
A in increasing order if ¢(1) < ¢(i + 1), for alli.)
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Lemma 1.7.4
1.7.2
Undecidability of
the Halting
Problem

Proof. Let A|J A = N and neither A nor A is the empty set. (Otherwise
the lemma trivially holds.)

(i) (ONLY 1F) If A is recursive, then obviously its complement A is re-
cursive as well. Moreover, both are by definition recursively enumerable.

(Ir) By assumption, A is the range of f, and A is the range of g,
for two recursive functions f,g. Therefore, we can generate the list
£(0),¢9(0), f(1),9(1), f(2),..., and examine each element in turn. To
decide whether a given z in A belongs to A we just compare it with
each element in the above list. If © = f(i) for some 4, then x € A. If
x = g(i) for some i, then z € A. Element z must occur in this list, since

AUA=N.
(ii) (ONLY IF) Trivial.

(Ir) Let A be recursively enumerated in increasing order a1, ag, . . . . Then
this yields a procedure to decide for each x whether x belongs to A by
testing “a; = x?7” for ¢ = 1,2, ... until either a; = x or x < a;. O

Every infinite recursively enumerable set contains an infinite recursive
subset.

Proof. Let A be infinite and recursively enumerable. Let f be a recursive
function with range A. Define a new recursive function g with g(0) =
f(0) and g(x+1) = f(y), where y is the least value such that f(y) > g(z).
Let B be the range of g. Since A is infinite, the definition of B implies
that B is infinite. Clearly g enumerates B in increasing order, so B is
recursive by Lemma 1.7.3, Ttem (ii). ad

The equivalent lemmas hold for recursive and recursively enumerable
sets of n-tuples.

Turing’s paper, and more so Kurt Gédel’s paper, where such a result first
appeared, are celebrated for showing that certain well-defined questions
in the mathematical domain cannot be settled by any effective procedure
for answering questions. One such question is, “which machine compu-
tations eventually terminate with a definite result, and which machine
computations go on forever without a definite conclusion?” This is some-
times called the halting problem. Since all machines can be simulated by
the universal Turing machine U, this question cannot be decided in the
case of the single machine U, or more generally for any individual uni-
versal machine. The following lemma, due to Turing in 1936, formalizes
this discussion. Let ¢1, ¢o,... be the standard enumeration of partial
recursive functions.
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There is no recursive function g such that for all z,y, we have g(z,y) =1
if ¢ (y) is defined, and g(x,y) = 0 otherwise.

Proof. Suppose the contrary, and define a partial recursive function v by
Y(z) = 1if g(x,x2) = 0, and t(x) is undefined otherwise. (The definition
of 1 gives by the assumption of total recursiveness of g an algorithm,
and by Church’s thesis or by explicit construction we can find a Turing
machine to compute 1.) Let 1) have an index y in the fixed enumeration
of partial recursive functions, ¥ = ¢,. Then, ¢, (y) is defined iff g(y,y) =
0, according to ’s definition. But this contradicts the assumption of
existence of g as defined in the statement of the lemma. O

The trick used in this proof is called diagonalization; see Exercise 1.7.3
on page 40.

Define Ko = {(z,y) : ¢=(y) < oo} as the halting set.

With this definition, Lemma 1.7.5 can be rephrased as, “The halting set
Ky is not recursive.” It is easy to see that K is recursively enumerable.
The halting set is so ubiquitous that it merits the standard notation Kj.
We shall also use the diagonal halting set K = {x : ¢,(x) < oo}. Just
like Ky, the diagonal halting set is recursively enumerable; and the proof
of Lemma 1.7.5 shows that K is not a recursive set.

Lemma 1.7.5 was preceded by the famous (first) incompleteness theorem
of Kurt Godel in 1931. Recall that a formal theory T consists of a set of
well-formed formulas, formulas for short. For convenience these formulas
are taken to be finite binary strings. Invariably, the formulas are specified
in such a way that an effective procedure exists that decides which strings
are formulas and which strings are not.

The formulas are the objects of interest of the theory and constitute
the meaningful statements. With each theory we associate a set of true
formulas and a set of provable formulas. The set of true formulas is ‘true’
according to some (often nonconstructive) criterion of truth. The set
of provable formulas is ‘provable’ according to some (usually effective)
syntactic notion of proof.

A theory T is simply any set of formulas. A theory is aziomatizable if it
can be effectively enumerated. For instance, its axioms (initial formulas)
can be effectively enumerated and there is an effective procedure that
enumerates all proofs for formulas in 7' from the axioms. A theory is
decidable if it is a recursive set. A theory T is consistent if not both
formula z and and its negation —x are in T'. A theory T is sound if each
formula z in T is true (with respect to the standard model of the natural
numbers).
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1.7.3

Semi-
Computable
Functions

Definition 1.7.4

Hence, soundness implies consistency. A particularly important example
of an axiomatizable theory is Peano arithmetic, which axiomatizes the
standard elementary theory of the natural numbers.

There is a recursively enumerable set Kg such that for every aziomati-
zable theory T that is sound and extends Peano arithmetic, there is a
number n such that the formula “n & Ky” is true but not provable in T'.

Proof. Let ¢1, ¢2,... be the standard enumeration of partial recursive
functions above, and let Ko = {(z,y) : ¢,(y) < oo}. That is, K is
the domain of a universal partial recursive function, Lemma 1.7.1. It is
easy to see that the set Ky is recursively enumerable. Moreover, all true
statements of the form “n € Ky” belong to Peano arithmetic.

Assume by way of contradiction that all true statements of the form
“n ¢ Ky” are provable in T. Then the complement of K is recursively
enumerable by enumerating the set of all provable statements in 7. By
Lemma 1.7.3, Item (i), if both Ky and its complement are recursively
enumerable, then K| is recursive. However, this contradicts the fact that
K is nonrecursive (Lemma 1.7.5). a

In his original proof, Goédel uses diagonalization to prove the incom-
pleteness of any sufficiently rich logical theory T" with a recursively enu-
merable axiom system, such as Peano arithmetic. By his technique he
exhibits for such a theory an explicit construction of an undecidable
statement y that says of itself “I am unprovable in T.” The formulation
in terms of recursive function theory, Lemma 1.7.6, is due to A. Church
and S.C. Kleene. In the proof, diagonalization is needed to show that
K is not recursive. And elaboration of this proof would yield a similar
explicit construction to the above one. Using Kolmogorov complexity
we will be able to derive a new proof of Lemma 1.7.6, with essentially
different examples of undecidable statements.

Recall that N, Q, and R, denote the nonnegative integers, the ratio-
nal numbers, and the real numbers, respectively. We consider partial
recursive functions g({{y, z), k)) = (p, q¢) and write g(y/z, k) = p/q, with
Y, 2z, P, ¢, k nonnegative integers. The extension to negative arguments
and values is straightforward. The interpretation is that g is a rational-
valued function of a rational argument and a nonnegative integer argu-
ment.

A partial function f : Q@ — R is upper semicomputable if it is defined
by a rational-valued partial recursive function ¢(z, k) with = a rational
number and k a nonnegative integer such that ¢(x, k + 1) < ¢(z, k)
for every k and limy_,o ¢(x, k) = f(x). This means that f can be com-
putably approximated from above. A function f is lower semicomputable
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if —f is upper semicomputable. A function is called semicomputable if
it is either upper semicomputable or lower semicomputable or both. If
a function f is both upper semicomputable and lower semicomputable
on its domain, then we call f computable (or recursive if the domain is
integer or rational). The total function versions are defined similarly.

Thus, a total function f : @ — R is computable iff there is a total
recursive function g(z, k) such that |f(z) — g(z, k)| < 1/k.

In this way, we extend the notion of integer recursive functions to real-
valued computable functions with rational arguments, and to real-valued
semicomputable functions with rational arguments. The idea is that a
semicomputable function can be approximated from one side by a recur-
sive function, but we may never know how close we are to the real value.
A computable function can be approximated to any degree of precision
by a recursive function.

The following properties are easily proven: A function f : @ — R is
lower semicomputable iff the set {(x,r) : r < f(x), r € Q} is recursively
enumerable. Therefore, a lower semicomputable function is ‘recursively
enumerable from below,” and an upper semicomputable function is ‘re-
cursively enumerable from above.’

In the previous editions of this book, we used ‘enumerable’ for ‘lower semi-
computable,” ‘coenumerable’ for ‘upper semicomputable,” and ‘recursive’ for
‘computable.’

As stated, a function is computable iff it is both upper semicomputable
and lower semicomputable. A recursive function is computable. Not all
upper semicomputable and lower semicomputable functions are com-
putable. O

We give an example of a lower semicomputable function that is not
computable. Let K = {z : ¢,(z) < oo} be the diagonal halting set.
Define f(x) = 1if z € K, and f(z) = 0 otherwise. We first show that
f(x) is lower semicomputable. Define g(z, k) = 1 if the Turing machine
computing ¢, halts in at most k steps on input z, and g(x,k) = 0
otherwise. Obviously, g is a rational-valued recursive function. Moreover,
for all z and k we have g(z,k+1) > g(x, k), and limg_, g(x, k) = f(z).
Hence, f is lower semicomputable. However, if f(x) were computable,
then the set {x : f(x) = 1}, that is, the diagonal halting set K, would
be recursive. But Lemma 1.7.5 shows that it is not. <&

In Section 1.6 we have defined the notion of measure functions as u
functions that map subsets of the real interval [0, 1) to R. Considering
[0,1) as the isomorphic S = {0,1}°°, such functions are defined by the
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1.7.4
Feasible
Computations

Definition 1.7.5

values p(T'z), where I'y = {zw : w € {0,1}*°} with z € {0,1}* are the
so-called cylinder sets. We can extend the notions of computability to
set functions. A measure u is computable (upper semicomputable, lower
semicomputable) iff the function f: N — R defined by f(z) = p(Ty) is
computable (upper semicomputable, lower semicomputable). )

This is enough on semicomputable functions to tide us over Chapters 2
and 3, and we go into more detail in Chapter 4.

We give a brief introduction to computational complexity theory in or-
der to provide some basic ideas and establish terminology required for
applications of Kolmogorov complexity in Chapters 6, 7, and 8.

Theoretically, any recursive function is computable by a personal com-
puter or by a Turing machine as shown in Figure 1.1. But a computation
that takes 2" steps on an input of length n would not be regarded as
practical or feasible. No computer would ever finish such a computa-
tion in the lifetime of the universe even with n merely 1000. Compu-
tational complexity theory tries to identify problems that are feasibly
computable.

If we have 10° processors each taking 10° steps/second, then we can execute
3.1 x 10%° < 20 steps/year.

In computational complexity theory, we are often concerned with lan-
guages. A language over a finite alphabet ¥ is simply a subset of ¥*.
We say that a Turing machine accepts a language L if it outputs 1 when
the input is a member of L and outputs 0 otherwise. That is, the Turing
machine computes a predicate.

(Computational complexity) Let T be a Turing machine. For each
input of length n, if T' makes at most ¢(n) moves before it stops, then
we say that T runs in time ¢(n), or has time complezxity t(n). If T uses
at most s(n) tape cells in the above computation, then we say that T
uses s(n) space, or has space complezity s(n).

For convenience, we often give the Turing machine in Figure 1.1 a few
more work tapes and designate one tape as a read-only input tape. Thus,
each transition rule will be of the form (p, s, a,q), where 5 contains the
scanned symbols on all the tapes, and p,a,q are as in Section 1.7.1,

except that an operation now involves moving maybe more than one
head.

We sometimes also make a Turing machine nondeterministic by allowing
two distinct transition rules to have identical first two components. That
is, a nondeterministic Turing machine may have different alternative
moves at each step. Several other versions of Turing machines will be
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discussed in later chapters. Turing machines are deterministic unless it
is explicitly stated otherwise.

It is a fundamental and easy result that any k-tape Turing machine
running in ¢(n) time can be simulated by a Turing machine with just
one work tape running in t?(n) time. Any Turing machine using s(n)
space can be simulated by a Turing machine with just one work tape
using s(n) space. For each k, if a language is accepted by a k-tape Turing
machine running in time ¢(n) (space s(n)), then it can also be accepted
by another k-tape Turing machine running in time ct(n) (space cs(n)),
for any constant ¢ > 0. This leads to the following definitions:

(Complexity classes) DTIME[¢(n)] is the set of languages accepted
by multitape deterministic Turing machines in time O(¢(n));

NTIME[¢(n)] is the set of languages accepted by multitape nondeter-
ministic Turing machines in time O(t(n));

DSPACE|[s(n)] is the set of languages accepted by multitape determin-
istic Turing machines in O(s(n)) space;

NSPACE[s(n)] is the set of languages accepted by multitape nondeter-
ministic Turing machines in O(s(n)) space;

P is the complexity class | J, ., DTIME[n<];
NP is the complexity class |J .\ NTIME[n];
PSPACE is the complexity class [J, .- DSPACE[n].

We will define more complexity classes in Chapter 7. Languages in P,
that is, languages acceptable in polynomial time, are considered feasibly
computable. The nondeterministic version for PSPACE turns out to be
identical to PSPACE. The following relationships hold trivially,

P C NP C PSPACE.

It is one of the most fundamental open questions in computer science and
mathematics to prove whether either of the above inclusions is proper.
Research in computational complexity theory focuses on these questions.
In order to solve these problems, one can identify the hardest problems
in NP or PSPACE.

(Oracle machine) A Turing machine 7" with an oracle A, where A
is a language over T’s work tape alphabet, is denoted by T4. Such a
machine operates as a normal Turing machine with the exception that
after it has computed a finite string x it can enter a special oracle state
and ask whether z € A. The machine T4 gets the correct “yes/no”
answer in one step. An oracle machine can use this feature one or more
times during each computation.
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In Exercise 1.7.16 on page 43 we define the recursion-theoretic notion
of reducing one language to another. Here, we scale this notion down to
feasible size in computational complexity, by limiting the computational
power used in the reduction to polynomial time.

A language A is called polynomial-time Turing-reducible to a language
B, denoted by A <F B, if given B as an oracle, there is a deterministic
Turing machine that accepts A in polynomial time. That is, we can
accept A in polynomial time given answers to membership in B for free.

(NP-completeness) A language A is called polynomial-time many-to-
one reducible to a language B, denoted by AgiB, if there is a function r
that is polynomial-time computable, and for every a, a € A iff r(a) € B.
In both cases, if B € P, then so is A.

A language A is NP-hard if all languages in NP are Turing polynomial-
time (equivalently, many-to-one polynomial-time) reducible to A. Con-
sequently, if any NP-hard language is in P, then P = NP. If A is NP-hard
and A € NP, then we say that A is NP-complete.

NP is the set of problems for which it is easy to show (give a certificate)
that the answer is “yes,” and P is the set of “yes/no” problems for which
it is easy to find the answer. The technical sense of ‘easy’ is ‘doable by a
deterministic Turing machine in polynomial time.” The “P versus NP”
question can be understood as whether problems for which it is easy to
certify the answer are the same problems for which it is easy to find the
answer. The relevance is this:

Normally, we do not ask questions unless we can recognize easily in a
certain sense when we have been handed the correct answer. We are
not normally interested in questions for which it would take a lifetime
of work to check whether you got the answer you wanted. NP is about
those questions that we are likely to want answers to.

This excellent explanation was given by one of the inventors of the notions
P and NP, J.E. Edmonds [Interview, FAUW Forum, University of Waterloo,
January 1993].

A Boolean formula is in conjunctive normal form if it is a conjunction
of disjunctions. For example,

fz1, 20, 23) = (21 + To + x3) (T2 + x3) (21 + 23)

is in conjunctive normal form, and xizs + x2Z3 is not in conjunctive
normal form. A Boolean formula f(x1,...,x,) is satisfiable if there is a
Boolean-valued truth assignment ay, ..., a, such that f(a,...,a,) = 1.
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(SAT) Let SAT be the set of satisfiable Boolean formulas in conjunctive
normal form. The SAT problem is to decide whether a given Boolean
formula is in SAT.

This problem was the first natural problem shown to be NP-complete.
Many practical issues seem to depend on fast solutions to this problem.
Given a Boolean formula, a nondeterministic Turing machine can guess
a correct truth assignment, and verify it. This takes only linear time.
However, if we have to deterministically search for a satisfying truth
assignment, there are 2" Boolean vectors to test.

Intuitively, and as far as is known now, a deterministic Turing machine
cannot do much better than simply searching through these Boolean
vectors one by one, using an exponential amount of time. <&

For each class, say P, if a language L is accepted in deterministic poly-
nomial time using an oracle A, then we write L € PA. If A is an NP-
complete set, we also write L € PNP,

(Polynomial hierarchy) The so-called polynomial hierarchy consists
of the following hierarchy of language classes: ¥§ = NP; A7 = P; X7 | =
NP™; AP | =P and II? = {L: L € 3}.

1.7.1. [10] We can rework the effective enumeration of Turing machines
above and the definition of universal Turing machines using only tape
alphabet A = {0,1} (as opposed to {0,1, B}) such that the d(A)d(Q)
product increases at most by a fixed constant under the change of the
original Turing machine to its simulator. Namely, we simply replace each
program p in {0,1}* by p, and in simulated computation use only the
alternate (say odd) cells that contain the original program p. To skip
over the even administrative cells containing 0’s and to detect even cells
containing the delimiter 1 takes only a few extra states. In particu-
lar, it requires exactly the same number of extra states in each Tur-
ing machine modification. Prove the assertion concerning the d(A)d(Q)
product. What is the ‘new’ I(¢(T))? Since clearly ¢ suffices, we obtain
(@) <2(c(T))+ 1, for all T.

1.7.2. [08] Show that there are exactly countably infinitely many par-
tial recursive functions, and that there are exactly countably infinitely
many (total) recursive functions.

1.7.3. [15] Georg Cantor proved that the total functions are not count-
able by introducing his famous diagonalization argument. Suppose the
contrary, and count the functions in order fi, fa,..., fi,... . Define a
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new function g, which we shall prove to be not in this list, by g(i) =
fi(@) + 1, for all natural numbers ¢. By contradictory assumption, g oc-
curs in the list, say ¢ = f;. But by definition, ¢(¢) # f;(i), which gives
the required contradiction. Use a similar argument to prove that there
are functions that are not partial recursive.

1.7.4. [11] It is important to distinguish between computable functions
and the algorithms that compute those functions. To each function there
correspond many different algorithms that compute it. Show that in the
effective enumeration of Turing machines, as treated in this section, each
partial recursive function is computed by countably infinitely many dif-
ferent Turing machines. If 77,75, ..., T;, ... is an effective enumeration
of Turing machines and T; computes partial recursive function ¢;, for
all 4, then each partial recursive function f occurs infinitely many times
in the list ¢1, o, ..., ¢;,... . This result is not an accident of our for-
malism and effective enumeration, but holds in general for all effective
enumerations of algorithms that compute all partial recursive functions.

1.7.5. [25] Show that for every m,n > 1, there exists a recursive func-

tion ¢ = sﬁ{"“) of m + 1 variables such that for all x,y1,...,Ym,

¢(xm+n) (ylv s Ymy Rl Z’n) = ¢£/)n()x7yhm7ym)(zlv tety Zn)y

for all variables z1, ..., z,. (Hint: prove the case m = n = 1. The proof
is analogous for the other cases.)

Comments. This important result, due to Stephen C. Kleene, is usually
called the s-m-n theorem. Source: H. Rogers, Jr., Theory of Recursive
Functions and Effective Computability, McGraw-Hill, 1967; P. Odifreddi,
Classical Recursion Theory, North-Holland, 1989.

1.7.6. [35] If P is the class of all partial recursive functions (for conve-
nience restricted to one variable), then any map 7 from N (the natural
numbers) onto P is called a numbering. The standard indexing of the
Turing machines provides such a numbering, say my, and the indexing of
the recursive function definitions provides another, say m1. A number-
ing 7 is acceptable, or a Gddel numbering, if we can go back and forth
effectively between 7 and g, that is:

(i) There is a recursive function f (not necessarily one-to-one) such that
fmo =m.

(ii) There is a recursive function g (not necessarily one-to-one) such that
gm = Tp.

(a) Show that 7 is acceptable.

(b) Show that (i) is a necessary and sufficient condition that any 7 have

a universal partial recursive function (satisfies an appropriate version of
the enumeration theorem).
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(c) Show that (ii) is a necessary and sufficient condition that any 7 have
an appropriate version of the s-m-n theorem (Exercise 1.7.5).

(d) Show that (ii) implies that 7=1(¢) is infinite for every partial recur-
sive ¢ of one variable.

(e) Show that we can replace (i) and (ii) by the requirement that there
be a recursive isomorphism between 7 and .

Comments. These results, due to H. Rogers, Jr., in 1958, give an abstract
formulation of the basic work of Church, Kleene, Post, Turing, Markov,
and others, that their basic formalizations of the notion of partial recur-
sive functions are effectively isomorphic. It gives invariant significance to
the notion of acceptable numbering in that major properties such as the
enumeration theorem and the s-m-n theorem hold for every acceptable
numbering. Note that (i) may be viewed as requiring that the numbering
be ‘algorithmic’ in that each number yields an algorithm; and (ii) that
the numbering be ‘complete’ in that it includes all algorithms. Source:
H. Rogers, Jr., Ibid.

1.7.7. [20] Show that there is no recursive function f such that f(z) =
1if ¢4 (2) is defined, and f(x) = 0 otherwise.

Comments. This fact is known as the recursive unsolvability of the halt-
ing problem.

1.7.8. [20] Prove that the predicate f defined as f(x) = 1if ¢, is total,
and f(x) = 0 otherwise, is not total recursive.

1.7.9. [15] Prove that a set A is recursively enumerable iff A is the
domain of a partial recursive function.

Comments. This is often called the basic theorem of recursively enumer-
able sets.

1.7.10. [16] Prove that a set A is recursively enumerable iff A is the
range of some partial recursive function iff A is the range of a total
recursive function or @.

1.7.11. [34] (a) Show that it is possible to effectively enumerate the
partial recursive functions without repetition.

(b) Let A ={z: ¢, is a total function}. Prove that A is not recursively
enumerable.

Comments. Ttems (a) and (b) are not contradictory. Hint: in Item (a),
dovetail the computations of all partial recursive functions on all argu-
ments. Attributed to R.A. Friedberg, 1958. Source: H. Rogers, Jr., The-
ory of Recursive Functions and Effective Computability, McGraw-Hill,
1967; P. Odifreddi, Classical Recursion Theory, North-Holland, 1989,
pp. 230-232.
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1.7.12. [20] Let K = {z : ¢(x) < oo}. Prove that K is a recursively
enumerable set that is not recursive.

1.7.13. [15] (a) Show that the function 7(z,y) = (2 + 22y +y? + 3z +
y)/2 is a recursive one-to-one mapping from N2 onto N. Show that this
is not a prefix-code.

(b) Show that 7(*) defined by 7?) = 7 and 7 (1, 29, . .., 2) = 7(7F~ D
(x1,29,...,25-1),2k) iS a recursive one-to-one mapping from N onto
N. Show that this is not a prefix-code.

(c) Let E: N'— N be an effective prefix-code with E(x)
for source word z. Show that E(7(z,y)), and also E(r(
for k > 2, are effective prefix-codes.

the code word
)

) (zy,...,21)),

Comments. How good are these prefix-codes of k-tuples of integers in
terms of density of the range of the code in N'? Clearly, Item (c) is the
best possible (in terms of fixed E).

1.7.14. [20] A set A is recursively enumerable without repetitions if
A equals the range of f, for some f that is recursive and one-to-one.
Prove that A is infinite and recursively enumerable iff A is recursively
enumerable without repetitions.

1.7.15. [25] (a) Show that there exists an infinite set having no infinite
recursively enumerable subset. Such sets have been called immune by
J.C.E. Dekker.

(b) If a set with this property has a recursively enumerable complement,
then this complement was called simple by E.L. Post in 1944. Show that
there exists a simple set.

Comments. By definition a simple set is recursively enumerable. A simple
set is not recursive, since its complement is infinite but not recursively
enumerable (Lemma 1.7.3, Ttem (i)). Source: H. Rogers, Jr., Ibid.

1.7.16. [35] In order of increasing generality we define some notions of
reducibilities among sets:

A set A is one-to-one reducible to a set B (A <; B) if there exists a
one-to-one recursive function f such that for all x we have x € A iff
f(z) € B.

A set A is many-to-one reducible to a set B (A <,,, B) if there exists a
many-to-one recursive function f such that for all x we have x € A iff
f(z) € B.

A set A is Turing reducible to a set B (A <r B) if we can solve member-
ship in A by a Turing machine that gets the solution to membership in
B for free. (This is commonly accepted as formalizing the most general
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intuitive notion of reducibility. It is also considered the most significant
and useful such notion.)

Intuitively speaking, for r equal to 1, m, or T, reducibility A <, B
means that to solve membership in B is at least as ‘hard’ as to solve
membership in A, up to the reducibility notion r.

(a) Consider {x : ¢, (y) < oo for infinitely many y} and {z : ¢, is total}.
Show that each of these sets is reducible to the other in all three senses
discussed.

(b) Show that <, is reflexive and transitive for all discussed reducibilities
r. Hence, =, (both <, and >,.) is an equivalence relation, and <, induces
a partial order of the equivalence classes of =,.. One equivalence class is
below another one if members of the first are reducible to members of the
second, but not vice versa. We say that a set A on a lower r-equivalence
class has a lower degree of unsolvability with respect to <,.

(c) Consider the diagonal halting set K = {z : ¢,(z) < oo}, and let A =
{z : ¢, (y) < oo for finitely many y}. Show that K is r-reducible (all r =
1,m,T) to A (easy). Show that contrary to intuition, A is not r-reducible
(any 7 = 1,m,T) to K (hard). (Hint: show that A is not recursively
enumerable.) Therefore, A is of a higher r-degree of unsolvability than K.

(d) Show that the halting set Ky and K are of the same r-degree of
unsolvability (all r = 1,m,T).

(e) Show that all recursive sets are of lower r-degree of unsolvability
than Ko (all r = 1,m,T).

(f) The following notion is due to E.L. Post. A set A such that each
recursively enumerable set is r-reducible to it is called r-hard. If A is
both recursively enumerable and r-hard, then A is called r-complete.
Show that the halting set K in the proof of Lemma 1.7.6 is an example
of an r-complete set (all r = 1, m, T"). Show that K in Item (c) is another
example.

Comments. Source: H. Rogers, Jr., Ibid.

1.7.17. [35] Use the definitions above. The following is known as Post’s
problem (1944). The recursive sets have lower r-degree of unsolvability
than Ky, which has the highest r-degree of unsolvability in the recur-
sively enumerable sets. Are there other r-degrees of unsolvability (all
r = 1,m,T)? For r = 1,m, the first examples of such sets were the
simple sets of the above exercise; see Item (c) below. (For r = T the
question is much harder, and the affirmative answer was provided (in-
dependently) by R.A. Friedberg and A.A. Muchnik only in 1956.)

(a) Show that for all A, A is m-complete iff A is 1-complete.
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(b) Show that {z : ¢, is total} and {z : ¢, is not total} are incomparable
under <,,,. (Hint: see Exercise 7-11 in H. Rogers, Jr., Ibid.)

(c) Show that a simple set is neither recursive nor m-complete.

(d) Show that =1 and =,,, do not coincide on the nonrecursive recursively
enumerable sets, and hence <; and <,, do not coincide on these sets
either.

(e) (J.C.E. Dekker) Show that the m-degree of a simple set includes an
infinite collection of distinct 1-degrees consisting entirely of simple sets.

Comments. From Item (c) it follows that there exist nonrecursive recur-
sively enumerable sets (simple sets) that are not m-complete (and so by
Item (a) not 1-complete). Source: H. Rogers, Jr., Ibid. The term ‘Post’s
problem’ is now used among recursion theorists only for the Turing re-
duction version.

1.7.18. [35] Consider the generalized exponential function f informally
having the following property: f(0,2,y) = vy + =, f(1,2,y) = y X z,
f(2,z,y) = y*, ... . A more formal definition of f is given by f(0,0,y) =
Y, f(O,.’l?—f— 17y> = f(0’$7y) +1, f(l,O,y) =0, f(z+2,0,y) =1, f(Z+
Lz+1y)=f(z f(z+1,2,9),9)

(a) Show that this function is recursive but not primitive recursive.

(b) Show that the function A(z) = f(z,z,x), called the Ackermann
generalized exponential function, is recursive but not primitive recursive.
(It rises faster than any primitive recursive function.)

Comments. The function f was given by Wilhelm Ackermann (1926)
as a first example of a recursive function that is not primitive recur-
sive [Math. Ann. 99(1928), 118-133]. See also D. Hilbert [Math. Ann.,
95(1926), 161-190], who credits the proof to Ackermann. There are many
variants of definitions of the Ackermann function. A common recursive
definition is A’(0,n) = n + 1; A’(i,0) = A’(i — 1,1) for ¢ > 0; and
A'(i,n)=A'(i —1,A'(i,n — 1)) for i,n > 0 Then A(z) = A'(x,z). This
definition is apparently due to R.M. Robinson [Bull. Amer. Math. Soc.
54(1948), 987-993], and an earlier variant is due to Rdzsa Péter [Math.
Ann. 111(1935), 42-60]. An inherently iterative algorithm to compute
A’ is given by J.W. Grossman and R.Z. Zeitman [Theoret. Comput.
Sci., 37(1988), 327-330]. Another definition for the Ackermann function
(source: P. Odifreddi) is h,, defined as follows: ho(x) = x4+ 1; hyp1(x) =
hg,x)(x);hw(as) = h,(x) where A (x) = sc;hgfﬂ)(:c) = hn(hgf) (2)). One
of the advantages of this version is that it can be translated into the
transfinite. Note: hy(z) = 2x; hao(z) = 22%.

1.7.19. The function BB is defined in terms of Turing machines with a
purely binary tape alphabet (no blanks) in quintuple format (rather than
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quadruple format as above). For each n define the set A,, = {i : T; hasn
states and ¢;(0) < oo}. That is, T; with ¢ in A,, halts when it is started
with p = e. We define BB(n) as the maximal number of 1’s in the output
of any Turing machine in A,, when it is started on input e. It is easy to
see that BB(1) = 1, but more difficult to see that BB(2) = 4. The BB
function is known as the busy beaver function. It is due to T. Rado [Bell
System Tech. J. (1962), 877-884]. This was one of the first ‘well-defined’
incomputable or nonrecursive total functions. The definition is natural
and uses no overt diagonalization.

(a) [12] Notice that the BB function is well defined, since you can show
that d(A,) < (6n)%".

(b) [15] Show that the BB function is incomputable. (Hint: it grows
faster than any recursive function.)

(c) [35] Show that BB(3) = 6.
(d) [40] Show that BB(4) = 13.

(e) [30] Can you give a lower bound on BB such as the Ackermann
generalized exponential function?

(f) [045] Is BB(5) > 4,098?

Comments. See A.K. Dewdney, Scientific American, 251 (August 1984),
19-23; Ibid, 252 (March 1985), 23; A.H. Brady, pp. 259278 in: The
Universal Turing Machine: A Half-Century Survey, R. Herken, ed., Ox-
ford Univ. Press, 1988; H. Marxen and J. Buntrock, FATCS Bull.,
40(1990), 247-251. For the quadruple format see [A. Oberschelp, K.
Schmidt-Goettsch, G. Todt, Castor Quadruplorum, Archive for Math.
Logic, 27(1988), 35-44].

1.7.20. [39] Let f be any recursive function. Prove that there exists
an n such that ¢, = ¢g(n)-

Comments. This result, and its elaborations to more complicated ver-
sions, is usually called the second recursion theorem or the fixed-point
theorem for recursion theory. The n is called a fized-point value for f.
Standard applications include the following: There exists an e such that
the only element in the domain of ¢, is e itself, and more generally,
it allows us to write programs that know their own index. Source: H.
Rogers, Jr., Theory of Recursive Functions and Effective Computability,
McGraw-Hill, 1967.

1.7.21. [37] In Exercise 1.7.16 we studied the notions of reducibility
and degree. We now look at a coarser classification. An n-ary relation R
is in the arithmetic hierarchy if it is either recursive or, for some m, can
be expressed as

{1, o yxn)  (Qryn) - (QmYm)S(T1, -+ Ty Y1y - -+ Ym) }s (1.5)
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1.8

The Roots of
Kolmogorov
Complexity

where each @); denotes the existential quantifier ‘there exists’ (3) or
the universal quantifier ‘for all’ (V), and S is an (n + m)-ary recursive
relation. The number of alternations in the prefix sequence of quantifiers
is the number of pairs of adjacent but unlike quantifiers. For each n > 0,
Formula 1.5 is a X0-form if the first quantifier is 3 and the number of
alternations is n — 1. A ¥J-form has no quantifiers. For each n > 0,
Formula 1.5 is a II2-form if the first quantifier is V and the number of
alternations is n — 1. A II)-form has no quantifiers. A relation R is in
0 if it can be expressed by a ¥0-form. A relation R is in IIY if it can
be expressed by a I12-form. For each n > 0, define A? = 2 N1IY.

(a) Show that ©J = II§ is the class of recursive sets, and that %9 is the
class of recursively enumerable sets.

(b) Show that R is in X0 iff the complement of R is in TI2.
(¢) Show that X2 JII) € 39, NIO_,.

(d) Show that for each n > 0, we have X2 — 12 # &, and hence, by (c),
that for each n > 0 we have II9 — X0 # &.

Comments. The result mentioned as Item (d) is called the hierarchy
theorem. In conjunction with Item (c) it shows that the classes X9, 39, . ..
form a strictly increasing sequence. Source: H. Rogers, Jr., Ibid.

1.7.22. [13] A real number r € [0,1] is called a recursive real number if
there exists a total recursive function ¢ such that r = 0.w with ¢(i) = w;,
for all . We call w a recursive sequence. A recursive sequence of recursive
reals is a sequence 71,79, ... of reals if there is a total recursive function
1 in two arguments such that ¢ (4,j) = r;; and r; = 0.ry1752. ..
Show that not all real numbers are recursive; show that there are only
countably many recursive numbers; and show that there is a recursive
sequence of recursive reals that converges to a real, but not to a recursive
one.

The notion of Kolmogorov complexity has its roots in probability theory,
information theory, and philosophical notions of randomness, and came
to fruition using the recent development of the theory of algorithms.
The idea is intimately related to problems in both probability theory and
information theory. These problems as outlined below can be interpreted
as saying that the related disciplines are not tight enough; they leave
things unspecified that our intuition tells us should be dealt with.
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1.8.1

A Lacuna of
Classical
Probability
Theory

1.8.2

A Lacuna of
Information
Theory

An adversary claims to have a true fair coin. However, when he flips it a
hundred times, the coin comes up a hundred heads in a row. Upon seeing
this, we claim that the coin cannot be fair. The adversary, however, ap-
peals to probability theory, which says that every sequence of outcomes
of a hundred coin flips is equally likely having probability 1/21% and
one sequence had to come up.

Probability theory gives us no basis to challenge an outcome after it has
happened. We could only exclude unfairness in advance by putting a
penalty side bet on an outcome of 100 heads. But what about 1010...7
What about an initial segment of the binary expansion of 7?7

Regular sequence Pr(00000000000000000000000000) = 1/226,
Regular sequence Pr(01000110110000010100111001) = 1/226,
Random sequence Pr(10010011011000111011010000) = 1/226 .

The first sequence is regular, but what is the distinction of the second
sequence and the third? The third sequence was generated by flipping a
quarter. The second sequence is very regular: 0,1,00,01,... . The third
sequence will pass (pseudo)randomness tests.

In fact, classical probability theory cannot express the notion of ran-
domness of an individual sequence. It can only express expectations of
properties of outcomes of random processes, that is, the expectations of
properties of the total set of sequences under some distribution.

Only relatively recently, this problem has found a satisfactory resolution
by combining notions of computability and statistics to express the com-
plexity of a finite object. This complexity is the length of the shortest
binary program from which the object can be effectively reconstructed.
It may be called the algorithmic information content of the object. This
quantity turns out to be an attribute of the object alone, and absolute (in
the technical sense of being recursively invariant). It is the Kolmogorov
complezity of the object.

Shannon’s classical information theory assigns a quantity of information
to an ensemble of possible messages. All messages in the ensemble being
equally probable, this quantity is the number of bits needed to count all
possibilities. This expresses the fact that each message in the ensemble
can be communicated using this number of bits. However, it does not
say anything about the number of bits needed to convey any individ-
ual message in the ensemble. To illustrate this, consider the ensemble
consisting of all binary strings of length 9999999999999999.

By Shannon’s measure, we require 9999999999999999 bits on average
to encode a string in such an ensemble. However, the string consisting
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of 9999999999999999 1’s can be encoded in about 55 bits by expressing
9999999999999999 in binary and adding the repeated pattern 1. A re-
quirement for this to work is that we have agreed on an algorithm that
decodes the encoded string. We can compress the string still further
when we note that 9999999999999999 equals 32 x 1111111111111111,
and that 1111111111111111 consists of 24 1’s.

Thus, we have discovered an interesting phenomenon: the description
of some strings can be compressed considerably, provided they exhibit
enough regularity. This observation, of course, is the basis of all systems
to express very large numbers and was exploited early on by Archimedes
in his treatise The Sand Reckoner, in which he proposes a system to name
very large numbers:

“There are some, King Golon, who think that the number of sand is infinite
in multitude ... or] that no number has been named which is great enough to
exceed its multitude. [...] But I will try to show you, by geometrical proofs,
which you will be able to follow, that, of the numbers named by me [...] some
exceed not only the mass of sand equal in magnitude to the earth filled up in
the way described, but also that of a mass equal in magnitude to the universe.”

However, if regularity is lacking, it becomes more cumbersome to express
large numbers. For instance, it seems easier to compress the number one
billion, than the number one billion seven hundred thirty-five million
two hundred sixty-eight thousand and three hundred ninety-four, even
though they are of the same order of magnitude.

This brings us to the main root of Kolmogorov complexity, the notion
of randomness. There is a certain inevitability in the development that
led A.N. Kolmogorov (1903-1987) to use the recently developed theory
of effective computability to resolve the problems attending the proper
definition of a random sequence. Indeed, the main idea involved had
already been formulated with unerring intuition by P.S. Laplace, but
could not be properly quantified at the time (see Chapter 4).

In the context of the above discussion, random sequences are sequences
that cannot be compressed. Now let us compare this with the common
notions of mathematical randomness. To measure randomness, criteria
have been developed that certify this quality. Yet, in recognition that
they do not measure ‘true’ randomness, we call these criteria ‘pseudo’
randomness tests. For instance, statistical surveys of initial sequences
of decimal digits of 7 have failed to disclose any significant deviations
from randomness. But clearly, this sequence is so regular that it can be
described by a simple program to compute it, and this program can be
expressed in a few bits.
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“Any one who considers arithmetical methods of producing random digits is,
of course, in a state of sin. For, as has been pointed out several times, there
is no such thing as a random number—there are only methods to produce
random numbers, and a strict arithmetical procedure is of course not such a
method. (It is true that a problem we suspect of being solvable by random
methods may be solvable by some rigorously defined sequence, but this is a
deeper mathematical question than we can go into now.)” [von Neumann]

This fact prompts more sophisticated definitions of randomness. No-
tably, Richard von Mises (1883-1953) proposed notions that approach
the very essence of true randomness. This is related to the construction of
a formal mathematical theory of probability, to form a basis for real ap-
plications, in the early part of this century. While von Mises’s objective
was to justify the applications to real phenomena, Kolmogorov’s classic
1933 treatment constructs a purely axiomatic theory of probability on
the basis of set-theoretic axioms.

“This theory was so successful, that the problem of finding the basis of real
applications of the results of the mathematical theory of probability became
rather secondary to many investigators. [... however| the basis for the applica-
bility of the results of the mathematical theory of probability to real ‘random
phenomena’ must depend in some form on the frequency concept of probabil-
ity, the unavoidable nature of which has been established by von Mises in a
spirited manner.” [Kolmogorov]

The point made is that the axioms of probability theory are designed so
that abstract probabilities can be computed, but nothing is said about
what probability really means, or how the concept can be applied mean-
ingfully to the actual world. Von Mises analyzed this issue in detail, and
suggested that a proper definition of probability depends on obtaining a
proper definition of a random sequence. This makes him a frequentist—a
supporter of the frequency theory.

The frequency theory to interpret probability says, roughly, that if we
perform an experiment many times, then the ratio of favorable outcomes
to the total number n of experiments will, with certainty, tend to a
limit, p say, as n — oco. This tells us something about the meaning of
probability, namely, that the measure of the positive outcomes is p. But
suppose we throw a coin 1000 times and wish to know what to expect.
Is 1000 enough for convergence to happen? The statement above does
not say. So we have to add something about the rate of convergence.
But we cannot assert a certainty about a particular number of n throws,
such as “the proportion of heads will be p + € for large enough n (with e
depending on n).” We can at best say “the proportion will lie between
p £ € with at least such and such probability (depending on € and ng)
whenever n > ng.” But now we have defined probability in an obviously
circular fashion.



1.9. Randomness 51

Definition 1.9.1

In 1919 von Mises proposed to eliminate the problem by simply dividing
all infinite sequences into special random sequences (called collectives),
having relative frequency limits, which are the proper subject of the
calculus of probabilities and other sequences. He postulates the existence
of random sequences as certified by abundant empirical evidence, in the
manner of physical laws, and derives mathematical laws of probability
as a consequence. In his view a naturally occurring sequence can be
nonrandom or unlawful in the sense that it is not a proper collective.

Von Mises views the theory of probabilities insofar as they are numerically
representable as a physical theory of definitely observable phenomena, repet-
itive or mass events, for instance, as found in games of chance, population
statistics, Brownian motion. ‘Probability’ is a primitive notion of the theory
comparable to those of ‘energy’ or ‘mass’ in other physical theories.

Whereas energy or mass exists in fields or material objects, probabilities ex-
ist only in the similarly mathematical idealization of collectives (random se-
quences). All problems of the theory of probability consist in deriving, ac-
cording to certain rules, new collectives from given ones and calculating the
distributions of these new collectives. The exact formulation of the properties
of the collectives is secondary and must be based on empirical evidence. These
properties are the existence of a limiting relative frequency and randomness.
The property of randomness is a generalization of the abundant experience in
gambling houses, namely, the impossibility of a successful gambling system.
Including this principle in the foundation of probability, von Mises argues,
we proceed in the same way as the physicists did in the case of the energy
principle. Here too, the experience of hunters of fortune is complemented by
solid experience of insurance companies, and so forth.

A fundamentally different approach is to justify a posteriori the application
of a purely mathematically constructed theory of probability, such as the the-
ory resulting from the Kolmogorov axioms. Suppose we can show that the
appropriately defined random sequences form a set of measure one, and with-
out exception satisfy all laws of a given axiomatic theory of probability. Then
it appears practically justifiable to assume that as a result of an (infinite)
experiment only random sequences appear.

Von Mises’s notion of infinite random sequences of 0’s and 1’s (collective)
essentially appeals to the idea that no gambler, making a fixed number
of wagers of ‘heads,” at fixed odds [say p versus 1 — p] and in fixed
amounts, on the flips of a coin [with bias p versus 1 — p], can have profit
in the long run from betting according to a system instead of betting
at random. Says Church: “this definition [below] ... while clear as to
general intent, is too inexact in form to serve satisfactorily as the basis
of a mathematical theory.”

An infinite sequence a1, as, ... of 0’s and 1’s is a random sequence in the
special meaning of collective if the following two conditions are satisfied:
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1. Let f, be the number of 1’s among the first n terms of the sequence.
Then
[

lim =& =p, for some p, 0 < p < 1.

n—oo N

2. A place-selection rule is a partial function ¢ from the finite binary
sequences to the values 0 and 1 with the purpose of selecting one
after another those indices n for which ¢(ajas...a,—1) = 1. We
require (1), with the same limit p, also for every infinite subsequence

Ony Oy - v -

obtained from the sequence by some admissible place-selection rule.
(We have not yet formally stated which place-selection rules are
admissible.)

The existence of a relative frequency limit is a strong assumption. Em-
pirical evidence from long runs of dice throws in gambling houses or with
death statistics in insurance mathematics suggests that the relative fre-
quencies are apparently convergent. But clearly, no empirical evidence
can be given for the existence of a definite limit for the relative fre-
quency. However long the test run, in practice it will always be finite,
and whatever the apparent behavior in the observed initial segment of
the run, it is always possible that the relative frequencies keep oscillating
forever if we continue.

The second condition ensures that no strategy using an admissible place-
selection rule can select a subsequence that allows different odds for
gambling than a subsequence that is selected by flipping a fair coin. For
example, let a casino use a coin with probability p = % of coming up
heads and a payoff for heads equal to three times the payoff for tails.
This ‘law of excluded gambling strategy’ says that a gambler betting in
fixed amounts cannot make more profit in the long run betting according
to a system than from betting at random.

“In everyday language we call random those phenomena where we cannot find
a regularity allowing us to predict precisely their results. Generally speaking,
there is no ground to believe that random phenomena should possess any defi-
nite probability. Therefore, we should distinguish between randomness proper
(as absence of any regularity) and stochastic randomness (which is the sub-
ject of probability theory). There emerges the problem of finding reasons for
the applicability of the mathematical theory of probability to the real world.”
[Kolmogorov]

Intuitively, we can distinguish between sequences that are irregular and
do not satisfy the regularity implicit in stochastic randomness, and se-
quences that are irregular but do satisfy the regularities associated with
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Example 1.9.1

stochastic randomness. Formally, we will distinguish the second type
from the first type by whether a certain complexity measure of the ini-
tial segments goes to a definite limit. The complexity measure referred
to is the length of the shortest description of the prefix (in the precise
sense of Kolmogorov complexity) divided by its length. It will turn out
that almost all infinite strings are irregular of the second type and satisfy
all regularities of stochastic randomness.

“In applying probability theory we do not confine ourselves to negating regu-
larity, but from the hypothesis of randomness of the observed phenomena we
draw definite positive conclusions.” [Kolmogorov]

Considering the sequence as fair coin tosses with p = %, the second
condition in Definition 1.9.1 says that there is no strategy ¢ (law of
excluded gambling strategy) that ensures that a player betting at fixed
odds and in fixed amounts on the tosses of the fair coin will make infinite
gain. That is, no advantage is gained in the long run by following some
system, such as betting ‘heads’ after each run of seven consecutive tails,
or (more plausibly) by placing the nth bet ‘heads’ after the appearance
of n+ 7 tails in succession. According to von Mises, the above conditions
are sufficiently familiar and an uncontroverted empirical generalization
to serve as the basis of an applicable calculus of probabilities.

It turns out that the naive mathematical approach to a concrete formu-
lation, admitting simply all partial functions, comes to grief as follows:
Let @ = ajaz... be any collective. Define ¢; as ¢1(ay...a;—1) = 1
if a; = 1, and undefined otherwise. But then p = 1. Defining ¢y by
do(ay ...a;—1) = b;, with b; the complement of a;, for all i, we obtain by
the second condition of Definition 1.9.1 that p = 0. Consequently, if we
allow functions like ¢ and ¢ as strategies, then von Mises’s definition
cannot be satisfied at all. o)

In the 1930s, Abraham Wald proposed to restrict the a priori admissi-
ble ¢ to any arbitrary fixed countable set of functions. Then collectives
do exist. But which countable set? In 1940, Alonzo Church proposed to
choose a set of functions representing computable strategies. According
to Church’s thesis, Section 1.7, this is precisely the set of recursive func-
tions. With recursive ¢, not only is the definition completely rigorous,
and random infinite sequences do exist, but moreover they are abundant,
since the infinite random sequences with p = % form a set of measure
one. From the existence of random sequences with probability %, the ex-
istence of random sequences associated with other probabilities can be
derived. Let us call sequences satisfying Definition 1.9.1 with recursive ¢
Mises—Wald—Church random. That is, the involved Mises—Wald—Church
place-selection rules consist of the partial recursive functions.
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Appeal to the theorem of Wald above yields as a corollary that the
set of Mises—Wald—Church random sequences associated with any fixed
probability has the cardinality of the continuum. Moreover, each Mises—
Wald—Church random sequence qualifies as a normal number. (A num-
ber is normal if each digit of the base, and each block of digits of any
length, occurs with equal asymptotic frequency.) Note, however, that
not every normal number is Mises—Wald—Church random. This follows,
for instance, from Champernowne’s sequence (or number),

0.1234567891011121314151617181920. . .,

due to D.G. Champernowne, which is normal in the scale of 10 and whose
ith digit is easily calculated from ¢. The definition of a Mises—Wald—
Church random sequence implies that its consecutive digits cannot be
effectively computed. Thus, an existence proof for Mises—Wald—Church
random sequences is necessarily nonconstructive.

Unfortunately, the von Mises—Wald—Church definition is not yet good
enough, as was shown by J. Ville in 1939. There exist sequences that
satisfy the von Mises—Wald—Church definition of randomness, with lim-
iting relative frequency of ones of %, but nonetheless have the property

fu 1

> — for all n.
n 2

The probability of such a sequence of outcomes in random flips of a fair
coin is zero. Intuition: if you bet 1 all the time against such a sequence
of outcomes, then your accumulated gain is always positive! Similarly,
other properties of randomness in probability theory such as the law of
the iterated logarithm do not follow from the von Mises—Wald—Church
definition.

For a better understanding of the problem revealed by Ville, and its
subsequent solution by P. Martin-Lof in 1966, we look at some aspects
of the methodology of probability theory. Consider the sample space
of all one-way infinite binary sequences generated by fair coin tosses.
We call a sequence ‘random’ if it is ‘typical.” It is not ‘typical,” say
‘special,” if it has a particular distinguishing property. An example of
such a property is that an infinite sequence contains only finitely many
ones. There are infinitely many such sequences. But the probability that
such a sequence occurs as the outcome of fair coin tosses is zero. ‘Typical’
infinite sequences will have the converse property, namely, they contain
infinitely many ones.

In fact, one would like to say that ‘typical’ infinite sequences will have
all converse properties of the properties that can be enjoyed by ‘special’
infinite sequences. This is formalized as follows: If a particular property,
such as containing infinitely many occurrences of ones (or zeros), the
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law of large numbers, or the law of the iterated logarithm, has been
shown to have probability one, then one calls this a law of randomness.
A sequence is ‘typical,” or ‘random,’ if it satisfies all laws of randomness.

But now we are in trouble. Since all complements of singleton sets in
the sample space have probability one, it follows that the intersection of
all sets of probability one is empty. Thus, there are no random infinite
sequences!

Martin-Lof, using ideas related to Kolmogorov complexity, succeeded in
defining random infinite sequences in a manner that is free of such diffi-
culties. He observed that all laws that are proven in probability theory to
hold with probability one are effective (as defined in Section 1.7). That
is, we can effectively test whether a particular infinite sequence does not
satisfy a particular law of randomness by effectively testing whether the
law is violated on increasingly long initial segments.

The natural formalization is to identify the effective test with a par-
tial recursive function. This suggests that one ought to consider not the
intersection of all sets of measure one, but only the intersection of all
sets of measure one with recursively enumerable complements. (Such a
complement set is expressed as the union of a recursively enumerable
set of cylinders). It turns out that this intersection has again measure
one. Hence, almost all infinite sequences satisfy all effective laws of ran-
domness with probability one. This notion of infinite random sequences
is related to infinite sequences of which all finite initial segments have
high Kolmogorov complexity.

The notion of randomness satisfied by both the Mises—Wald—Church collec-
tives and the Martin-Lof random infinite sequences is roughly that effective
tests cannot detect regularity. This does not mean that a sequence may not
exhibit regularities that cannot be effectively tested. Collectives generated by
nature, as postulated by von Mises, may very well always satisfy stricter crite-
ria of randomness. Why should collectives generated by quantum-mechanical
phenomena care about mathematical notions of computability? Again, satis-
faction of all effectively testable prerequisites for randomness is some form of
regularity. Maybe nature is more lawless than adhering strictly to regularities
imposed by the statistics of randomness.

Until now the discussion has centered on infinite random sequences
where the randomness is defined in terms of limits of relative frequencies.
However,

“The frequency concept based on the notion of limiting frequency as the num-
ber of trials increases to infinity does not contribute anything to substantiate
the application of the results of probability theory to real practical problems
where we always have to deal with a finite number of trials.” [Kolmogorov]

The practical objection against both the relevance of considering infi-
nite sequences of trials and the existence of a relative frequency limit is
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concisely put in J.M. Keynes’s famous phrase, “In the long run we shall
all be dead.” It seems more appealing to try to define randomness for
finite strings first, and only then define random infinite strings in terms
of randomness of initial segments.

The approach of von Mises to define randomness of infinite sequences
in terms of unpredictability of continuations of finite initial sequences
under certain laws (like recursive functions) did not lead to satisfying
results. Although certainly inspired by the random sequence debate, the
introduction of Kolmogorov complexity marks a definite shift of point of
departure, namely, to define randomness of sequences by the fact that no
program from which an initial segment of the sequence can be computed
is significantly shorter than the initial segment itself, rather than that
no program can predict the next elements of the sequence.

Finite sequences that cannot be effectively described by a significantly
shorter description than their literal representation are called random.
Our aim is to characterize random infinite sequences as sequences of
which all initial finite segments are random in this sense (Section 3.6).
A related approach characterizes random infinite sequences as sequences
all of whose initial finite segments pass all effective randomness tests
(Section 2.5).

Initially, before the idea of complexity, Kolmogorov proposed a close analogy
to von Mises’s notions in the finite domain. Consider a generalization of place-
selection rules insofar as the selection of a; can depend on a; with j > i [A.N.
Kolmogorov, Sankhya, Series A, 25(1963), 369-376]. Let ® be a finite set of
such generalized place-selection rules. Kolmogorov suggested that an arbitrary
finite binary sequence a of length n > m can be called (m,e)-random with
respect to @ if there exists some p such that the relative frequency of the 1’s
in the subsequences a;, ...a;, with 7 > m, selected by applying some ¢ in
® to a, all lie within € of p. (We discard ¢ that yield subsequences shorter
than m.) Stated differently, the relative frequency in this finite subsequence is
approximately (to within €) invariant under any of the methods of subsequence
selection that yield subsequences of length at least m. Kolmogorov has shown
that if the cardinality of ® satisfies

= ’

d(<I>) < leQ'meQ(l—e)

then for any p and any n > m there is some sequence a of length n that is
(m, €)-random with respect to ®.

1.9.1. [08] Consider the sequence 101001000100001000001 . .., that is,
increasing subsequences of 0’s separated by single 1’s. What is the lim-
iting relative frequency of 1’s and 0’s? Is this sequence a collective?

1.9.2. [15] Suppose we are given a coin with an unknown bias: the
probability of heads is p and of tails is (1 — p), p some unknown real



Exercises 57

number 0 < p < 1. Can we use this coin to simulate a perfectly fair
coin?

Comments. The question asks for an effective construction of a col-
1

lective of 0’s and 1’s with limiting frequency 5 from a collective of
0’s and 1’s with unknown limiting frequency p. Source: J. von Neu-
mann, Various techniques used in connection with random digits, in:
Collected Works, Vol. V, A.H. Traub, ed., Macmillan, 1963; W. Ho-
effding and G. Simons, Ann. Math. Statist., 41(1970), 341-352; T.S.
Ferguson, Ann. Math. Statist., 41(1970), 352-362; P. Elias, Ann. Math.

Statist., 43(1972), 865-870.

1.9.3. [15] Suppose the sequence ajas...a;... has all the properties
of a collective with p = %

(a) The limiting relative frequency of the subsequence 01 equals the
limiting frequency of subsequence 11. Compute these limiting relative
frequencies.

(b) Form a new sequence b1by ... b; ... defined by b; = a; + a; 41 for all 4.
Then the b;’s are 0, 1, or 2. Show that the limiting relative frequencies
of 0, 1, and 2 are i, %, and i, respectively.

(¢) The new sequence constructed in Item (b) satisfies requirement (1) of
a collective: the limiting relative frequencies constituent elements of the
sample space {0, 1,2} exist. Prove that it does not satisfy requirement
(2) of a collective.

(d) Show that the limiting relative frequency of the subsequence 21 will
generally differ from the relative frequency of the subsequence 11.

Comments. Hint for Item (c): show that the subsequences 02 and 20 do
not occur. Use this to select effectively a subsequence of bibs...0; ...
with limiting relative frequency of 2’s equal to zero. This phenomenon
was first observed by M. von Smoluchowski [Sitzungsber. Wien. Akad.
Wiss., Math.-Naturw. K., Abt. Ila, 123(1914) 2381-2405; 124(1915)
339-368] in connection with Brownian motion, and called probability
‘after-effect.” Also: R. von Mises, Probability, Statistics, and Truth, Macmil-
lan, 1933.

1.9.4. [10] Given an infinite binary string that is a collective with lim-
iting frequency of 1’s equal to p = %, show how to construct a collective
over symbols 0, 1, and 2 (a ternary collective) with equal limiting fre-
quencies of % for the number of occurrences of 0’s, 1’s, and 2’s.

Comments. Hint: use Exercise 1.9.2.

1.9.5. [M40] Let wiws ... be an infinite binary sequence, and let f,, =
w1 twa+ -+ wp.
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(a) A sequence w is said to satisfy the infinite recurrence law if f, = %n
infinitely often. It can be shown that the set of infinite binary sequences
having the infinite recurrence property has measure one in the set of all
infinite binary sequences with respect to the usual binary measure. Show
that there are infinite binary sequences that are Mises—Wald—-Church

random satisfying f,, > %n for all n.

(b) Show that there are infinite binary sequences that are Mises—Wald—
Church random and satisfy limsup, (3", w; — in)/vnInlnn >
1/4/2 (the violate the law of the iterated logarithm), Exercise 1.10.5.

Comments. Since Items (a) and (b) are satisfied with probability zero in
the set of all infinite binary strings, we can conclude that Mises—Wald—
Church random strings do not satisfy all laws of probability that hold
with probability one (the laws of randomness). Source: J. Ville, Etude
Critique de la Concept de Collectif, Gauthier-Villars, 1939.

1.9.6. [32] What happens if we restrict our set of admissible selection
functions to those computable by finite-state machines instead of Turing
machines? First we need some definitions. Let w = wjws ... be an infinite
binary string. For each m = 0,1,00,01,..., let f,, be the number of
occurrences of m in wy.,,. We say that w is k-distributed if lim,, oo frn/n =
1/21m) for all m with I(m) < k. We say that w is oo-distributed, or
normal, if it is k-distributed for all integers k.

A finite-state place-selection Tule ¢ is a function computed by a finite-
state machine with value 0 or 1 for each finite binary sequence. Given an
infinite sequence w, ¢ determines a subsequence w;, w;y, ... by selecting
one after another the indices n for which ¢(wiws...wn—1) = 1. (For-
mally, in terms of the definition of a Turing machine in Section 1.7, we
can think of ¢ as being computed by a Turing machine T': Qx A — SxQ
with T'(-,d) = (R, ) foralld = 0,1 and T'(-, B) = (a, -) for some a = 0, 1.)
Let w;, w;, ... be the subsequence of w selected by ¢, and let ¢, be the
number of ones in the first n bits. Assuming that ¢ has infinitely many
values 1 on prefixes of w, define limsup,,_, ., ¢,/n as the prediction ratio
of ¢ for w. Finally, a finite-state prediction function ¢ is a predictor for

w if its prediction ratio is greater than %

(a) Show that every w that is k-distributed but not (k + 1)-distributed
has a (k + 1)-state predictor.

(b) Show that there are no predictors for oo-distributed w.

(¢) Show that the subsequence selected from an co-distributed w by a
finite-state selection function is again co-distributed.

(d) Show that there are co-distributed sequences that can be predicted
by stronger models of computation such as Turing machines. Conclude
that there are co-distributed sequences that are not random in the sense
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of von Mises—Wald—Church. (Hint: use Champernowne’s sequence pre-
sented in the main text.)

Comments. Since predictors are machines that, in the long run, have
some success in making correct predictions on w, we can say that w ap-
pears random to ¢ if ¢ is not a predictor of w. Then, co-distributed se-
quences are precisely the sequences that appear random to all finite-state
selection functions. In terms of gambling, let a gambler pay $1.00 for each
prediction he makes and receive $2.00 for each correct prediction. If the
sequence supplied by the house is co-distributed, and the gambler makes
unboundedly many predictions, then no matter what finite-state selec-
tion function he uses, the limit superior of the ratio (paid $)/(received
$) goes to ome. Source: V.N. Agafonov, Soviet Math. Dokl., 9(1968),
324-325 (English transl.); C.P. Schnorr and H. Stimm, Acta Informat-
ica, 1(1972), 345-359; and, apparently independently, M.G. O’Connor,
J. Comput. System Sci. 37(1988), 324-336. See also: T. Kamae, Israel
J. Math., 16(1973), 121-149; T. Kamae and B. Weiss, Israel J. Math.,
21(1975), 101-111.

1.9.7. [33] Investigate related problems as in Exercise 1.9.6 by replac-
ing finite-state machines (that is, regular languages) by slightly more
complex languages such as deterministic one-counter languages or linear
languages. Show that there are languages of both types such that selec-
tion according to them does not preserve normality (co-distributedness),
and that in fact, for both types of languages it is possible to select a con-
stant sequence from a normal one.

Comments Source: W. Merkle, J. Reimann, Theor. Comput. Systems,
39(2006), 685—697.

1.9.8. [035] Investigate the problems as in Exercises 1.9.6 and 1.9.7,
for push-down automata, time- or space-bounded classes, and primitive
recursive functions.

The question of quantitative probability based on complexity was first
raised and treated by R.J. Solomonoff, in an attempt to obtain a com-
pletely general theory of inductive reasoning. Let us look at some pre-
decessors in this line of thought.

The so-called weak law of large numbers, formulated by Jacob Bernoulli
(1654-1705) in his Ars Conjectandi, published posthumously in 1713,
states that if an experiment with probability of success p is repeated n
times, then the proportion of successful outcomes will approach p for
large n. Such a repetitive experiment is called a sequence of Bernoulli
trials generated by a (p,1 — p) Bernoulli process, and the generated
sequence of outcomes is called a Bernoulli sequence.
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Thomas Bayes (1702-1761), in “An essay towards solving a problem
in the doctrine of chances” [Philos. Trans., London, 53(1763), 376-398,
and 54(1764), 298-310], suggested the ‘inverse of Bernoulli’s problem.’
The resulting method, sometimes referred to as inverse probability, was
further analyzed by P.S. Laplace, who also attached Bayes’s name to it.
In Bayesian approaches it is assumed that there is some true, or a priori
(prior), distribution of probabilities over objects. Then an object with
unknown probability p is drawn. Provided with a (nonempirical) prior
probability, together with empirical data and the probabilistic model of
these data, Bayes’s rule supplies a way to calculate a posterior or inferred
probability distribution. We then can give a numerical estimate for p,
for example, by choosing the maximum posterior probability.

The formal statement of Bayes’s rule was given in Section 1.6. The pro-
cedure is most easily explained by example. Suppose we have an urn
containing a large number of dice with the faces numbered 1 through
6. Each die has a (possibly different) unknown probability p of casting
6, which may be different from the % that it is for a true die. A die is
drawn from the urn and cast n times in total, producing the result 6 in
m of those casts. Let P(X = p) be the probability of drawing a die with
attribute p from the urn. This P(X = p) is the prior distribution. In von
Mises’s interpretation, if we repeatedly draw a die from the urn, with
replacement, then the relative frequency with which a die with given
value of p appears in these drawings has the limiting value P(X = p).
The probability of obtaining m outcomes 6 in n throws of a die with
attribute p is

PO =) = ()"0

the number of ways to select m items from n items, multiplied by the
probability of m successes and (n —m) failures. Hence, the probability of
drawing a die with attribute p and subsequently throwing m outcomes
6 in n throws with it is the product P(X = p) P(Y = m|n, p).

For the case under discussion, Bayes’s problem consists in determining
the probability of m outcomes 6 in n casts being due to a die with a
certain given value of p. The answer is given by the posterior, or inferred,
probability distribution

- __P(X =p)P(Y =m|n,p)
P(X =pln,m) = >, P(X =p)P(Y = mn,p)’

the sum taken over all values of attribute p. If we repeat this experiment
many times, then the limiting value of the probability of drawing a die
with attribute value p, given that we throw m 6’s out of n, is P(X =

pln,m).
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Lemma 1.10.1

FIGURE 1.2. Inferred probability for increasing n

The interesting feature of this approach is that it quantifies the intuition
that if the number of trials n is small, then the inferred distribution
P(X = p|n,m) depends heavily on the prior distribution P(X = p).
However, if n is large, then irrespective of the prior P(X = p), the
inferred probability P(X = p|n,m) condenses more and more around
m/n = p. To analyze this, we consider P(X = p|n,m) as a continuous
distribution with fixed n. Clearly, P(X = p|n,m) = 0 for m < 0 and
m > n. Let € > 0 be some constant.

Consider the area under the tails of P(Y = m|n,p) for m < (p — e)n
and m > (p + €)n (the area such that |p — m/n| > €). Whatever € we
choose, for each § > 0 we can find an ng such that this area is smaller
than ¢ for all n > ng. This can be shown in several ways. We show this
by appealing to a result that will be used several times later on.

The probability of m successes out of n independent trials with proba-
bility p of success is given by the binomial distribution

P(Y =mn,p) = <:L>pm(1 -p)" " (1.6)

The deviation e (where 0 < €) from the average number of successes np
in n experiments is analyzed by estimating the combined tail probability

Pllm—npl > epn)= > <:l>pm(1—p)"‘m

|m—np|>epn

of the binomial distribution, Figure 1.2. We give a variant of the classical
estimate and omit the proof.

(Chernoff bounds) Assume the notation above. For 0 <e <1,

P(lm —pn| > epn) < 2e—€Pn/3, (1.7)
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Each tail separately can be bounded by half of the right-hand side.

This shows that for every € > 0 (and € < 1),

(p+e)n
lim P(X =p|n,m)dm = 1. (1.8)
e (p—e)n
Let us give a numerical example. Let p take values 0.1, 0.2, ..., 0.9 with
equal probability P(X =0.1)=P(X =02)=---=P(X =0.9) = %.

Let n = 5 and m = 3. Then the inferred probabilities are P(X =
p|5,3) = 0.005 for p = 0.1, 0.031 for p = 0.2, up to 0.21 for p = 0.6, and
down again to 0.005 for p = 0.9, the combined probabilities summing up
to 1. If we pick a die and do no experiments, then the probability that it
is from any particular category is % ~ 0.11. If, however, we know already
that it has had three throws of 6 out of five throws, then the probability
that it belongs to category p = 0.1 becomes smaller than 0.11, namely,
0.005, and the probability that it belongs to category p = 0.6 increases
to 0.21. In fact, the inferred probability that 0.5 < p < 0.7 is 0.59, while
the inferred probability for the other six p values is only 0.41.

Consider the same prior distribution P(X = p) but set n = 500 and
m = 300. Then, the inferred probability for p = 0.6 becomes P(X =
0.6]500, 300) = 0.99995. This means that it is now almost certain that a
die that throws 60 percent 6’s has p = 0.6.

We have seen that the probability of inference depends on (a) the prior
probability P(X = p) and (b) the observed results from which the infer-
ence is drawn. We have varied (b), but what happens if we start from a
different P(X = p)? Let the new prior distribution P(Y = p) be P(Y =
0.i) =14/45,i=1,...,9. Then the corresponding inferred probability for
n=>5and m=3is P(Y =0.1/5,3) = 0.001, P(Y = 0.2|5,3) = 0.011,
up to P(Y = 0.6|5,3) = 0.21, and finally P(Y = 0.9/5,3) = 0.07. For
this small sequence, these values are markedly different from the pre-
vious X values, although the highest values are still around p = 0.6.
But if we now increase the number of observations to n = 500 with the
same relative frequency of success m = 300, then the resulting Y values
correspond to the X values but for negligible differences. &

Equation 1.8 shows that as the number of trials increases indefinitely,
the limiting value of the observed relative frequency of success in the
trials approaches the true probability of success, with probability one.
This holds no matter what prior distribution the die was selected from.
In case the initial probabilities of the events are unknown, Bayes’s rule
is a correct tool to make inferences about the probability of events from
frequencies based on many observations. For small sequences of observa-
tions, however, we need to know the initial probability to make justified
inferences.
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Solomonoff addresses precisely this issue. Suppose we are faced with a
problem we have to solve in which there has been much experience.
Then either we know outright how to solve it, or we know the frequency
of success for different possible methods. However, if the problem has
never occurred before, or only a small number of times, and the prior
distribution is unknown, as it usually is, the inference method above
is undefined or of poor accuracy. To solve this quandary Solomonoff
proposes a universal prior probability. The idea is that this universal
prior probability serves in a well-defined sense as well as the true prior
probability, provided this true prior probability is computable in the
sense of Section 1.7.

Solomonoff argues that all inference problems can be cast in the form of
extrapolation from an ordered sequence of binary symbols. A principle
to enable us to extrapolate from an initial segment of a sequence to its
continuation will either require some hypothesis about the source of the
sequence or a definition of what we mean by extrapolation. T'wo popular
and useful metaphysical principles for extrapolation are those of sim-
plicity (Occam’s razor, commonly attributed to the fourteenth-century
scholastic philosopher William of Ockham, but emphasized about twenty
years before Ockham by John Duns Scotus), and indifference. The prin-
ciple of simplicity asserts that the simplest explanation is the most reli-
able. The principle of indifference asserts that in the absence of grounds
enabling us to choose between explanations we should treat them as
equally reliable. We do not supply any details here, because we shall
extensively return to this matter in Chapter 4 and Chapter 5.

1.10.1. [25] Let an experiment in which the outcomes are 0 or 1 with
fixed probability p for outcome 1 and 1 — p for outcome 0 be repeated
n times. Such an experiment consists of a sequence of Bernoulli trials
generated by a (p, 1 — p) Bernoulli process, see page 59.

Show that for each € > 0 the probability that the number S,, of outcomes
1 in the first n trials of a single sequence of trials satisfies n(p — €) <
Sn < n(p+ €) goes to 1 as n goes to infinity.

Comments. This is J. Bernoulli’s law of large numbers [Ars Conjectandi,
Basel, 1713, Part IV, Ch. 5, p. 236], the so-called weak law of large
numbers. This law shows that with great likelihood in a series of n trials
the proportion of successful outcomes will approximate p as n grows
larger. The following interpretation of the weak law is false: “if Alice
and Buck toss a perfect coin n times, then we can expect Alice to be
in the lead roughly half of the time, regardless of who wins.” It can be
shown that if Buck wins, then it is likely that he has been in the lead for
practically the whole game. Thus, contrary to common belief, the time
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average of S, (1 < n < m) over an individual game of length m has
nothing to do with the so-called ensemble average of the different S,,’s
associated with all possible games (the ensemble consisting of 2™ games)
at a given moment n, which is the subject of the weak law. Source: W.
Feller, An Introduction to Probability Theory and Its Applications, Vol.
1, Wiley, 1968.

1.10.2. [30] In an infinite sequence of outcomes generated by a (p, 1—p)
Bernoulli process, let A;, Ao, ... be an infinite sequence of events each of
which depends only on a finite number of trials in the sequence. Denote
the probability of Ay occurring by Pg. (Ax may be the event that k
consecutive 1’s occur between the 2Fth trial and the 2¥*!th trial. Then
Py < (2p)*.)

(a) Prove that if Y Py converges, then with probability one only finitely
many Ay occur.

(b) Prove that if the events Ay are mutually independent, and if > Py
diverges, then with probability one infinitely many Aj occur.

Comments. These two assertions are known as the Borel-Cantelli Lem-
mas. Source: W. Feller, Ibid.

1.10.3. [M30] Prove the limit in Equation 1.8 associated with the con-
densation of the posterior probability.

Comments. This may be called the inverse weak law of large numbers,
since it shows that we can infer with great certainty the original prob-
ability (drawn from an unknown distribution) by performing a single
sequence of a large number of trials. Note that this is a different state-
ment from the weak law of large numbers.

1.10.4. [M37] Consider one-way infinite binary sequences generated by
a (p,1 — p) Bernoulli process. Let S,, be as in Exercise 1.10.1.

(a) Show that for every € > 0, we have probability one that |[pn—S,| < en
for all but finitely many n.

(b) Define the reduced number of successes S} = (S, —pn)//np(1 —p).
Prove the much stronger statement than Item (a) that with probability

one, |S}| < v2alnn (where a > 1) holds for all but finitely many n.

Comments. Item (a) is a form of the strong law of large numbers due
to F.P. Cantelli (1917) and G. Pélya (1921). Note that this statement
is stronger than the weak law of large numbers. The latter says that
Sp/n is likely to be near p, but does not say that S, /n is bound to stay
near p as n increases. The weak law allows that for infinitely many n,
there is a k with n < k < 2n such that Si/k < p — e. In contrast, the
strong law asserts that with probability one, p — S,,/n becomes small
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and remains small. Item (b) is due to A.N. Kolmogorov [Math. Ann.,
101(1929), 126-135]. Source: W. Feller, Ibid.

1.10.5. [M42] Consider a sequence generated by a (p,1 — p) Bernoulli
process. Show that limsup,, ., S;/v2Inlnn = 1 with probability one.

Comments. For reasons of symmetry, liminf, .o S}/v2Inlnn = —1.
This remarkable statement, known as the law of the iterated logarithm
is due to A.L. Khintchin [Fundamenta Mathematicae 6(1924), 9-20] and
was generalized by A.N. Kolmogorov [Math. Ann., 101(1929), 126-135].
For an explanation of its profundity, implications, and applications see
also W. Feller, Ibid.

1.10.6. [M33] Consider a Bernoulli processes with unknown probabil-
ity p of a successful outcome. Assume that the prior probability of the
bias p is uniformly distributed over the real interval (0,1). Prove that
after m successful outcomes in n independent trials, the expectation of
a successful outcome in the (n + 1)th trial is given by (m + 1)/(n + 2).

Comments. The above reduces to binary Bernoulli processes (p,1 — p)
with probability p of ‘success’ and probability 1—p of ‘failure,” that is, in-
dependent flips of a coin with unknown bias p. This is P.S. Laplace’s cele-
brated law of succession. Hint: The prior probability density P(X = p) is
uniform with [ P(X =p) =b—a (0 <a <b<1). The term Pr(Y =
mln,p) = (;:l)pm(l —p)™ ™ is the probability of the event of m successes
in n trials with probability p of success. The probability of obtaining m
successes in n trials at all is Pr(Y = mn) = fpl:O (")p™(1 — p)"~™dp.
The requested expectation is the p-expectation of the posterior in Bayes’s
rule, that is, fplzop P(Y|n,p)dp/P(Y = m|n). The integrals are beta
functions; decompose these into gamma functions and use the relation
of the latter to factorials. Source: P.S. Laplace, A Philosophical Fssay
on Probabilities, Dover, 1952. (Originally published in 1819. Translated
from the 6th French edition.)

It seldom happens that a detailed mathematical theory springs forth in
essentially final form from a single publication. Such was the case with
information theory, which properly began only with the appearance of
C.E. Shannon’s paper “The mathematical theory of communication”
[Bell System Technical J., 27(1948), 379-423, 623-656]. In this theory
we ignore the meaning of a message; we are interested only in the problem
of communicating a message between a sender and a receiver under the
assumption that the universe of possible messages is known to both the
sender and the receiver.
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This notion of information is a measure of one’s freedom of choice when
one selects a message. Given the choice of transmitting a message con-
sisting of the contents of this entire book, and the message “let’s get
a beer,” the information concerned is precisely one bit. Obviously this
does not capture the information content of the individual object itself.
Kolmogorov’s intention for introducing algorithmic complexity is as a
measure of the information content of individual objects.

We develop the basic ideas in a purely combinatorial manner. This is
easier and more fundamental, suffices for our purpose, and does not need
extra probabilistic assumptions. The set of possible messages from which
the selection takes place is often called an ensemble. Information, accord-
ing to Shannon, is an ensemble notion. For our purpose it is sufficient
to consider only countable ensembles.

The entropy of a random variable X with outcomes in an ensemble S
is the quantity H(X) = logd(S). This is a measure of the uncertainty
in choice before we have selected a particular value for X, and of the
information produced from the set if we assign a specific value to X.
By choosing a particular message a from S, we remove the entropy from
X by the assignment X = a and produce or transmit information I =
log d(S) by our selection of a. Since the information is usually measured
in the number of bits I’ needed to be transmitted from sender to receiver,
I' = [logd(9)].

The number of different binary strings @ with (@) = 2n + 1 is 2™. This
gives an information content in each such message of I = n, and encoding
in a purely binary system requires I’ = n bits. <&

Note that while a random variable X usually ranges over a finite set of
alternatives, say a,b,...,c, the derived theory is so general that it also
holds if we let X range over a set of sequences composed from these
alternatives, which may even be infinite.

If we have k independent random variables X;, each of which can take n;
values, respectively, for i = 1, 2,..., k, then the number of combinations
possible is n = ning...ng, and the entropy is given by

H(Xy,Xa,...,Xk) =logni +logns + - - - 4+ lognyg = logn. (1.9)

Let us look at the efficiency with which an individual message consist-
ing of a sequence xixo...x) of symbols, each x; being a selection of a
random variable X drawn from the same ensemble of s alternatives, can
be transmitted. We use the derivation to motivate the formal definition
of the entropy of a random variable. The Morse code used in telegraphy
suggests the general idea. In, say, English, the frequency of use of the
letter e is 0.12, while the frequency of the letter w is only 0.02. Hence,
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a considerable saving on average encoded message length can result by
encoding e by a shorter binary string than w.

Assume that the random variable X can take on the alternative val-
ues {x1,x2,...,2s} and that x; occurs k; times in the message z =
T1xs...xE, with k1 + ks + - -+ ks = k. Under these constraints there is
altogether an ensemble of

Eeoyl B
k17k27-~-7k3 N kl!kQ!"‘!ksl

possible messages of length k, one of which is . In the combinatorial
approach we define the entropy of an ensemble as the efficiency with
which any message from this ensemble can be transmitted. To determine
the actual message zixs ... xE, we must at least give its ordinal in the
ensemble. To reconstruct the message it suffices to give first the ordinal
k and the ordinal (kq,ko,...,ks) of the ensemble in (s + 1)logk bits,
and then give the ordinal of the message in the ensemble. Therefore, we
can transmit the message in h(x) bits, with

k! k!
<h(z)<(s+1)logk +log ——————
kilko!-

T el

The frequency of each symbol z; is defined as p; = k;/k. Recall the
approximation klogk + O(k) for log(k!) from Stirling’s formula, Exer-
cise 1.5.4 on page 17. For fixed frequencies p1, ps,...,ps and large k we
obtain

1
h(x) ~ k p; log —,
(2) ~ k) pilog

the sum taken in the obvious way. In information-theoretic terminology
it is customary to say that the messages are produced by a stochastic
source that emits symbols x; with given probabilities p;. With abuse of
terminology and notions, henceforth we use ‘probability’ for ‘frequency.’
(Under certain conditions on the stochastic nature of the source this
transition can be rigorously justified.)

Define the entropy of a random variable X with the given probabilities
P(X =z;) =p; by

1
H(X) = pilog —, 1.10
(X)=> P (1.10)
and therefore

h(z) ~ kH(X). (1.11)
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Is there a coding method that actually achieves the economy in average
message length implied by Equation 1.117 Clearly, we have to encode
symbols with high probabilities as short binary strings and symbols with
low probabilities as long binary strings.

We explain the Shannon-Fano code. Suppose we want to map messages
over a fixed alphabet to binary strings. Let there be n symbols (also
called basic messages or source words). Order these symbols accord-
ing to decreasing probability, say N = {1,2,...,n} with probabilities
D1,P2, ... Pn. Let P, = Z;:llpu for r = 1,...,n. The binary code
E: N — {0,1}* is obtained by coding r as a binary number E(r), ob-
tained by truncating the binary expansion of P, at length [(E(r)) such
that

1 1
log— <I(E(r)) <1+ log—.
DPr DPr
This code is the Shannon—Fano code. It has the property that highly
probable symbols are mapped to short code words and symbols with
low probability are mapped to longer code words. Moreover,

9-UEM) < p < 9= UE@)+,

Note that the code for the symbol 7 differs from all codes of symbols r+1
through n in one or more bit positions, since for all ¢ with r+1 <14 < n,

P, > P, 427 U(B),

Therefore the binary expansions of P, and P; differ in the first I(E(r))
positions. This means that F is one-to-one, and it has an inverse: the
decoding mapping F~!. Even better, since no value of FE is a prefix of
any other value of FE, the set of code words is a prefix-code. This means
we can recover the source message from the code message by scanning
it from left to right without look-ahead.

If H; is the average number of bits used per symbol of an original mes-
sage, then Hy = > p,l(E(r)). Combining this with the previous in-
equality, we obtain

Zprlogpi <H < Zpr (1+logpi> :1+Zprlogpi.

From this it follows that H; ~ H(X) for large n, with H(X) the entropy
per symbol of the source. <&

How much information can a random variable X convey about a random
variable Y7 Taking again a purely combinatorial approach, this notion
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is captured as follows: If X ranges over Sx and Y ranges over Sy, then
we look at the set U of possible events (X = z,Y = y) consisting
of joint occurrences of event X = x and event Y = y. If U does not
equal the Cartesian product Sx x Sy, then this means that there is
some dependency between X and Y. Considering the set U, = {(z,y) :
(z,y) € U} for x € Sy, it is natural to define the conditional entropy of
Y given X =z as H(Y|X = z) = logd(U,). This suggests immediately
that the information given by X = x about Y is

I(X=2:Y)=H(Y)-HY|X ==x).

For example, if U = {(1, ) (1,2),(2,3)}, so that U C Sx x Sy with
Sx ={1,2} and Sy = {1, 34} then I(X =1:Y)=1and (X =2:
Y)=2.

In this formulation it is obvious that H(X|X = z) = 0, and that I(X =
x : X) = H(X). This approach amounts to the assumption of uniform
distribution of the probabilities concerned. &

We can develop the generalization of Example 1.11.3, taking into account
the frequencies or probabilities of the occurrences of the different values
X and Y can assume. Let the joint probability p(z,y) be defined as the
probability of the joint occurrence of event X = x and event Y = y. The
marginal probabilities p1(x) and pa(y) are defined by p1(z) = Zy p(z,y)
and pa2(y) = >, p(x,y) and are the probability of the occurrence of the
event X = x and the probability of the occurrence of the event Y = y,
respectively. This leads to the following self-evident formulas for joint
variables X, Y:

pr y)l (1
1
X)f;pl(fv)logm,
1
Zm 1ng2(y)

y)’

where summation over x is taken over all outcomes of the random vari-
able X and summation over y is taken over all outcomes of the random
variable Y. In all of these equations the entropy quantity on the left-hand
side achieves the maximum for equal probabilities on the right-hand side.
One can show that

H(X,Y) < HX)+ H(Y), (1.12)

with equality only in the case that X and Y are independent.
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The conditional probability p(y|z) of outcome Y = y given outcome
X = z for random variables X and Y (not necessarily independent) is
defined by

_plzy)

plyle) = >, p(,y)

Section 1.6.2. This leads to the following analysis of the information in
X about Y by first considering the conditional entropy of Y given X as
the average of the entropy for Y for each value of X weighted by the
probability of getting that particular value:

H(Y|X) = Zpl H(Y|X ==z)
= Zp z,y)log ——

The quantity on the left-hand side tells us how uncertain we are about
the outcome of Y when we know an outcome of X. With

1
(X) = ;m(x) log (@)

1
= Zm: (Zy:p(%y)) g s~ )
1
= ;P(Ly) log m7

ylw)

and substituting the formula for p(y|x), we obtain H(X) = H(X,Y) —
H(Y|X). Rewrite this expression as

H(X,Y) = H(X) + H(Y|X). (1.13)

This can be interpreted as “the uncertainty of the joint event (X,Y) is
the uncertainty of X plus the uncertainty of Y given X.” Combining
Equations 1.12, 1.13 gives H(Y) > H(Y|X), which can be taken to
imply that knowledge of X can never increase uncertainty of Y. In fact,
uncertainty in Y will be decreased unless X and Y are independent.
Finally, the information in the outcome X = z about Y is defined as

I(X=2:Y)=HY)-HY|X =a). (1.14)

Here the quantities H(Y) and H(Y|X = z) on the right-hand side of
the equation are always equal to or less than the corresponding quan-
tities under the uniform distribution we analyzed first. The values of
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the quantities J(X = z : Y) under the assumption of uniform distribu-
tion of ¥ and Y|X = z versus any other distribution are not related
by inequality in a particular direction. The equalities H(X|X =) =0
and I(X =z : X) = H(X) hold under any distribution of the variables.
Since I(X =z :Y) is a function of outcomes of X, while I(Y =y : X) is
a function of outcomes of Y, we do not compare them directly. However,
forming the expectation defined as

EIX =z:Y)) =Y p@)I(X=2:Y),
E(IY =y: X)) =Y p)I(Y =y:X),

and combining Equations 1.13 and 1.14, we see that the resulting quan-
tities are equal. Denoting this quantity by I(X;Y") and calling it the
mutual information in X and Y, we see that this information is sym-
metric:

IX;5Y)=E(I(X=2:Y)=E(lI(Y =y:X)). (1.15)

The quantity I(X;Y) symmetrically characterizes to what extent ran-
dom variables X and Y are correlated. An inherent problem with prob-
abilistic definitions (which is avoided by the combinatorial approach) is
that although E(I(X = z :Y)) is always positive. But for some prob-
ability distributions, I(X = x : Y) can turn out to be negative—which
definitely contradicts our naive notion of information content.

Suppose we want to exchange the information about the outcome X = x
and it is known already that the outcome Y = y is the case, that is, x
has property y. Then we require (using the Shannon—Fano code, Exam-
ple 1.11.2 on page 68 and Lemma 4.3.3 on page 274) about log 1/P(X =
z|Y = y) bits to communicate z. On average, over the joint distri-
bution P(X = z,Y = y) we use H(X|Y) bits, which is optimal by
Shannon’s noiseless coding theorem. In fact, exploiting the mutual in-
formation paradigm, the expected information I(Y;X) that outcome
Y = y gives about outcome X = z is the same as the expected infor-
mation that X = x gives about Y = g, and is never negative. Yet there
may certainly exist individual y such that I(Y =y : X) is negative. For
example, we may have X = {0,1}, Y = {0,1}, P(X = 1Y =0) = 1,
P(X =1Y =1) = 1, P(Y = 1) = e. Then I(Y;X) = H(e,1 —¢),
whereas I(Y =1: X) = H(e,1 —¢) + ¢ — 1. For small ¢, this quantity is
smaller than 0. <

(Information inequality) Writing Equation 1.15 out, we obtain

ZZP (z,y)1 ( x) (1.16)

p(@)p2(y)’
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Another way to express this is as follows: a well-known criterion for
the difference between a given distribution ¢;(x) and another distribu-
tion g2(z) we want to compare it with, is the so-called Kullback—Leibler
divergence

@ (x)

D(q1 || ¢2) qu )log L (1.17)
02(x)’
It has the important property that
D(q1 || ¢2) =0, (1.18)

with equality only iff ¢1(z) = ¢a2(z) for all x. This is called the in-
formation inequality. Thus, the mutual information is the Kullback—
Leibler divergence between the joint distribution p(z,y) and the product
p1(x)p2(y) of the two marginal distributions. If this quantity is 0, then
p(z,y) = p1(z)p2(y) for every pair z,y, which is the same as saying that
X and Y are independent random variables. <&

(Data processing inequality) Is it possible to increase the mutual
information between two random variables by processing the outcomes in
some deterministic manner? The answer is negative: For every function
T we have

I(X;Y) = I(X; T(Y)), (1.19)

that is, mutual information between two random variables cannot be
increased by processing their outcomes in any deterministic way. The
same holds in an appropriate sense for randomized processing of the
outcomes of the random variables. This fact is called the data-processing
inequality. The reason why it holds is that Equation 1.15 on page 71
is expressed in terms of joint probabilities and marginal probabilities.
Processing X or Y will not increase the value of the expression in the
right-hand side of the latter equation. If the processing of the arguments
just renames them in a one-to-one manner, then the expression keeps
the same value. If the processing eliminates or merges arguments, then
it is easy to check from the formula that the expression value does not
increase. <&

The development of this theory immediately gave rise to at least two dif-
ferent questions. The first observation is that the concept of information
as used in the theory of communication is a probabilistic notion, which
is natural for information transmission over communication channels.
Nonetheless, as we have seen from the discussion, we tend to identify
probabilities of messages with frequencies of messages in a sufficiently
long sequence, which under some conditions on the stochastic source
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can be rigorously justified. For instance, Morse code transmissions of
English telegrams over a communication channel can be validly treated
by probabilistic methods even if we (as is usual) use empirical frequencies
for probabilities. The great probabilist Kolmogorov remarks, “If some-
thing goes wrong here, the problem lies in the vagueness of our ideas
of the relation between mathematical probability theory and real ran-
dom events in general.” (See also the discussion about the foundations
of probability in Section 1.9.)

The second observation is more important and is exemplified in Shan-
non’s statement, “Messages have meaning | ... however . ..] the semantic
aspects of communication are irrelevant to the engineering problem.” In
other words, can we answer a question such as, “what is the informa-
tion in this book” by viewing it as an element of a set of possible books
with a probability distribution on it? Or that the individual sections in
this book form a random sequence with stochastic relations that damp
out rapidly over a distance of several pages? And how to measure the
quantity of hereditary information in biological organisms, as encoded
in DNA? Again there is the possibility of seeing a particular form of
animal as one of a set of possible forms with a probability distribution
on it. This seems to be contradicted by the fact that the calculation of
all possible life forms in existence at any one time on earth would give
a ridiculously low figure like 2100,

We are interested in a measure of information content of an individual
finite object, and in the information conveyed about an individual finite
object by another individual finite object. Here, we want the information
content of an object x to be an attribute of x alone, and not to depend
on, for instance, the means chosen to describe this information content.
Making the natural restriction that the description method should be
effective, the information content of an object should be recursively in-
variant (Section 1.7) among the different description systems. Pursuing
this thought leads straightforwardly to Kolmogorov complexity.

The main issues we treat here, apart from the basic definitions of prefix-
codes, are Kraft’s inequality, the noiseless coding theorem, and optimal
and universal codes for infinite source-word alphabets.

We repeat some definitions of Section 1.4. Let D be any function D :
V* — N, where V is a finite code-word alphabet. It is common to use
V = {0,1}. The domain of D is the set of code words and the range
of D is the set of source words. If D(y) = x, then y is a code word for
source word z, and D is the decoding function. The set of all code words
for source word z is the set D™1(z) = {y : D(y) = } and E = D!
is the encoding relation (or encoding function if D~! happens to be a
function).
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We may identify the source words (natural numbers) with their corre-
sponding finite binary strings according to the enumeration in Equa-
tion 1.3. We often identify a code with its code-word alphabet (the do-
main of D).

We consider the natural extension of E to a relation B/ C N* x V*
defined by

1. E'(e) = ¢ and
2. if z and y are in NV, then E'(zy) = E(z)E(y).

We ignore the difference between F and E’ and denote both by E.

It is immediately clear that in general we cannot uniquely recover x and y
from E(xy). Let E be the identity mapping. Then we have E(00)E(00) =
0000 = E(0)E(000). <&

If we want to encode a sequence x1%5 . ..x, with z; € N (t=1,2,..)
then we call x122...x, the source sequence and y1ys ...y, with y;, =
E(x;) (i =1,2,...) the code sequence. A code is uniquely decodable if for
each source sequence of finite length, the code sequence corresponding to
that source sequence is different from the code sequence corresponding
to any other source sequence.

In coding theory, attention is often restricted to the case where the
source-word alphabet is finite, say the range of D equals {1,2,...,n}. If
there is a constant Iy such that I(y) = Iy for all code words y, then we
call D a fized-length code. It is easy to see that [y > logn. For instance,
in teletype transmissions the source has an alphabet of n = 32 letters,
consisting of the 26 letters in the Latin alphabet plus 6 special characters.
Hence, we need Iy = 5 binary digits per source letter. In electronic
computers we often use the fixed-length ASCII code with Iy = 8. <&

root

111

FIGURE 1.3. Binary tree for E(1) = 0, E(2) = 10, E(3) = 110,
E(4) =111
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When the set of source words is infinite, say N, we have to use variable-
length codes. If no code word is the prefix of another code word, then
each code sequence is uniquely decodable. This explains our interest in
so-called prefix-codes.

A code is a prefiz-code or instantaneous code if the set of code words is
prefix-free (no code word is a prefix of another code word; Section 1.4).

In order to decode a code sequence of a prefix-code, we simply start at
the beginning and decode one code word at a time. When we come to the
end of a code word, we know it is the end, since no code word is the prefix
of any other code word in a prefix-code. Every prefix-code is a uniquely
decodable code. For example, if E(1) = 0, E(2) = 10, E(3) = 110,
E(4) =111 as in Figure 1.3, then 1421 is encoded as 0111100, which can
be easily decoded from left to right in a unique way.

Not every uniquely decodable code satisfies the prefix condition. For ex-
ample, if E(1) = 0, E(2) = 01, E(3) = 011, E(4) = 0111, then every
code word is a prefix of every longer code word as in Figure 1.4. But
unique decoding is trivial, since the beginning of a new code word is
always indicated by a zero. Prefix-codes are distinguished from other
uniquely decodable codes by the property that the end of a code word
is always recognizable as such. This means that decoding can be accom-
plished without the delay of observing subsequent code words, which is
why prefix-codes are also called instantaneous codes.

A convenient graphical way to consider codes is by representing each
code word as a node of a directed binary tree. If a node has two outgo-
ing arcs, one of them is labeled with zero and the other with one. If a
node has one outgoing arc, it is labeled either by zero or by one. The
tree may be finite or infinite. There are also nodes without outgoing

0111

FIGURE 1.4. Binary tree for E(1) = 0, E(2) = 01, E(3) = 011,
E(4) =0111
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arcs. These are called external nodes, and the nodes with outgoing arcs
are called internal nodes. Each code word is represented by a node such
that the consecutive zeros and ones on the branch from the root to that
node form that code word. Clearly, for each code there is a tree with
a node representing each code word, and such that there is only one
node corresponding to each code word. We simplify each tree represen-
tation for a code such that it contains only nodes corresponding to code
words, together with the intermediate nodes on a branch between root
and code-word nodes. For F to be a prefix-code, it is a necessary and
sufficient condition that in the simplified tree representation the nodes
corresponding to code words be precisely the nodes without outgoing
arcs. <

It requires little reflection to realize that prefix-codes waste potential
code words, since the internal nodes of the representation tree cannot be
used, and in fact, neither are the potential descendants of the external
nodes used. Hence, we can expect that the code-word length exceeds
the (binary) source-word length in prefix-codes. Quantification of this
intuition leads to a precise constraint on code-word lengths for codes
satisfying the prefix condition. This important relation is known as the
Kraft inequality and is due to L.G. Kraft.

Let ly,la, ... be a finite or infinite sequence of natural numbers. There is
a prefiz-code with this sequence as lengths of its binary code words iff

Z 27l < 1,
n

Proof. (ONLY IF) Recall the standard one-to-one correspondence be-
tween a finite binary string = and the interval ', = [0.z, 0.z + 27/(®))
on the real line, Sections 1.4, 1.6, 2.5. Observe that the length of the
interval corresponding to z is 274*). A prefix-code corresponds to a set
of disjoint such intervals in [0, 1), which proves that the inequality holds
for prefix-codes.

(Ir) Suppose [y, (2, ... are given such that the inequality holds. We can
also assume that the sequence is nondecreasing. Choose disjoint adjacent
intervals I1, I, . .. of lengths 274,272 from the left end of the inter-
val [0,1). In this way, for each n > 1, the right end of I, is Y, 27%.
Note that the right end of I, is the left end of I,,41. Since the sequence
of [;’s is nondecreasing, each interval I,, equals I';, for some binary string
2 of length I(x) = l,,. Take the binary string x corresponding to I,, as
the nth code word. m|
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Not every code of which the code-word lengths satisfy the inequality
is a prefix-code. For instance, the code words 0, 00, and 11 satisfy the
inequality, but 0 is a prefix of 00. O

There is good reason for our emphasis on prefix-codes. Namely, Theo-
rem 1.11.1 remains valid if we replace ‘prefix-code’ by ‘uniquely decod-
able code.” This follows directly from the observation (proof omitted)
that if a code has code-word lengths I, s, ... and it is uniquely decod-
able, then the Kraft inequality must be satisfied.

This important fact means that every uniquely decodable code can be
replaced by a prefix-code without changing the set of code-word lengths.
Hence, all propositions concerning code-word lengths apply to uniquely
decodable codes and to the subclass of prefix-codes. Accordingly, in look-
ing for uniquely decodable codes with minimal average code-word length
we can restrict ourselves to prefix-codes. O

A uniquely decodable code is complete if the addition of any new code
word to its code-word alphabet results in a nonuniquely decodable code.
It is easy to see that a code is complete iff equality holds in the associated
Kraft inequality. Does completeness imply optimality in any reasonable
sense? Given a source that produces source words from N according to
probability distribution P, it is possible to assign code words to source
words in such a way that any code word sequence is uniquely decodable,
and moreover the average code-word length is minimal.

Let D : {0,1}* — N be a prefix-code with one code word per source
word. Let P(z) be the probability of source word z, and let the length
of the code word for = be [,. We want to minimize the number of bits
we have to transmit. In order to do so, we must minimize the average
code-word length Lp p = Y, P(x)l,. We define the minimal average
code-word length as L = min{Lp p : D is a prefix-code}. A prefix-code
D such that Lp p = L is called an optimal prefiz-code with respect to
prior probability P of the source words.

The (minimal) average code length of an (optimal) code does not depend
on the details of the set of code words, but only on the set of code-word
lengths. It is just the expected code-word length with respect to the given
distribution. C.E. Shannon discovered that the minimal average code-
word length is about equal to the entropy of the source-word alphabet.
This is known as the noiseless coding theorem. The adjective ‘noiseless’
emphasizes that we ignore the possibility of errors.
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Let L and P be as above. If H(P) =) P(x)log1/P(z) is the entropy,
then

H(P)< L<H(P)+1.

Proof. First prove the upper bound L < H(P)+1. Let I, = [log1/P(z)]
for x = 1,2,... . Therefore, 1 > > P(x) > Y 27! By Kraft’s
inequality, Theorem 1.11.1, there exists a prefix-code with code-word
lengths l1,1s,... . Hence,

L<Y P, <> P(x) <log (1 ) - 1) H(P) +1,

which finishes the proof of the second inequality L < H(P) + 1.

We now prove the lower bound H(P) < L. Let L = ) P(x)l,. Since
>, P@)=1land ) (27! /3 27!) =1, by concavity of the logarithm
function (see Equations 5.4 and 5.2.1 on page 353), we have

1y

> P(x) logP <ZP log 2 . (1.20)

Equation 1.20 implies

ZP( log < ZP (Z P(sc)) logZQ_l”. (1.21)

Since ), P(z) =1, L =3 P(x)l,, and H(P) =), P(x)logl/P(z),
Equation 1.21 can be rewritten as

H(P) < L+logy 27", (1.22)

Since D is a prefix-code, it follows from Kraft’s inequality, Theorem 1.11.1,
that > 27tz < 1. Thus, log > 27!z < (0. Hence by Equation 1.22,
H(P)<L. m|

We can now settle in the negative the question whether complete code-
word alphabets are necessarily optimal for all prior distributions. Let F
be a prefix-code with source alphabet {0,...,k + 1} defined by E(z) =
12710 for x = 1,2,...,k and E(k 4+ 1) = 1*. Then E is obviously com-
plete. It has an average code-word length Lg p = > P(x)r with re-
spect to the probability distribution P. If P(z) =2 % forz =1,2,...k
and P(k + 1) = 27 then Lgp = Y., P(z)log1/P(x), so that the
expected code-word length is exactly equal to the entropy and hence
to the minimal code-word length L by the noiseless coding theorem,
Theorem 1.11.2. But for the uniform distribution P(z) = 1/(k + 1) for
r=1,2,...,k+1 we find that Lg p > L, so that the code is not optimal
with respect to this distribution. &
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It is obviously important to find optimal prefix-codes. We have seen that
completeness has not much to do with it. For optimality of finite codes
we must choose code-word lengths corresponding to the probabilities of
the encoded source words. This idea is implemented in the Shannon-
Fano code, Example 1.11.2 on page 68 and Lemma 4.3.3 on page 274.

Another issue is the effectiveness of the decoding process. The decoder
needs to match the code-word patterns to the code-word sequence in
order to retrieve the source word sequence. For a finite code-word al-
phabet, the code can be stored in a finite table. For infinite code-word
alphabets we must recognize the code words.

A prefix-code is called self-delimiting if there is a Turing machine that
decides whether a given word is a code word, never reading beyond the
word itself, and moreover, computes the decoding function. (With re-
spect to the Turing machine, each code word has an implicit end marker.)

As an example, let us define the minimal description length for elements
in N with respect to the class of Turing machines 7. Fix a self-delimiting
code E : T — N. Denote the code word for Turing machine T' by
E(T). Then the minimum description length of x € N with respect to
E is defined as min{{(E(T")y) : T on input y halts with output z}. This
minimum description length of x is actually an alternative definition of
the Kolmogorov complexity C(x). &

For finite codes, the optimality is governed by how closely the set of
code-word lengths corresponds to the probability distribution on the set
of source words. In the proof of the noiseless coding theorem, Theo-
rem 1.11.2, we chose a code that corresponds to the probability distri-
bution of the source words. But the actual probability distribution may
be unknown, nonrecursive, or it may be unclear how to determine the
characteristics of the source. For example, consider the encoding of the
printed English language, which emanates from many different sources
with (it is to be assumed) different characteristics. Can we find a code
that is optimal for any probability distribution, rather than for a par-
ticular one?

How does one transmit any sufficiently long source-word sequence in an
optimal-length code-word sequence without knowing the characteristics
of the source, and in particular, without knowing in advance the relative
frequencies of source words for the entire sequence? The solution is as
follows:

Split the source-word sequence x = 125 ...z, of length n into m < n
blocks b1bs . ..b,,. Then we encode each b; by, for instance, first giving
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the numbers of occurrences of the source words in b; and second the
index of b; in the lexicographically ordered ensemble of source words
determined by these numbers. For instance, let b; have length n;, and
let there be ¢ source words whose numbers of occurrences of the different
source words in b; are, respectively, ki, ko, ..., kg, Zj k; = n;. Encode
b; by the frequency vector (ki, ko, ..., kq), together with the index h of
b; in the ensemble of all possible sequences of length n; in which the
source words occur with these frequencies,

Uz
h < .
- <k‘17]{72,...7k’q)

The encoding of b; in standard decodable format with all items except
the last one self-delimiting as, say, k1 ... kqh, takes at most

TG:
bits. Defining the frequency of each source word a; in block b; as p; =
k;/n;, we find that the length of this encoding of b; for large n; and
fixed p;’s approaches n;(3_; p;log1/p;). By the noiseless coding theo-
rem, Theorem 1.11.2, the minimal average code-word length for a source-

word sequence b; produced by a stochastic source that emits source word
a; with probability P()(a;) = p; is given by Y~ p;log1/p; = H(P®).

That is, we can separately encode each block b; asymptotically optimally,
without knowing anything about the overall relative frequencies. As a
result, the overall message x is encoded asymptotically in length

niH(PW) +noH(PP) + - 4 ny, HPM™).

It turns out that this implies that x is optimally encoded as well, since
calculation shows that

nH(P) > niH(PW) + noH(PP) + .. 4+ n, HP™),

with H(P) the entropy based on the overall source-word sequence = and
H(P®) the entropy of the individual blocks b;. <&

Suppose we use variable-length binary blocks b; as in Example 1.11.14 as
code words for a countably infinite set of source words such as A/. Then
a universal code is a code that optimizes the average code-word length,
independent of the distribution of the source words, in the following
sense:

Let C' = {wy,ws,...} € {0,1}* be an infinite alphabet of uniquely de-
codable code words, and let N be a set of source words with probability
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distribution P that assigns positive probability to each source word. Let
code C assign code word w, to source word & € /. Then C is universal
if there is a constant ¢, independent of P, such that

>, P@l(w) _
max{H(P),1} = 7

for all P with 0 < H(P) < oco. A universal code C' is asymptotically
optimal if there is an f such that

>, Pal(w,) _
max{H(P),1} —

fH(P)) <c,

For a nonempty finite binary string * = x125...2, we defined T =
1"0z122 ... x,. For example, 01011 is coded as 11111001011. Let C be
defined as the set of binary strings resulting from this construction:
C = {z : x € {0,1}*}. The proof that this is a universal set of code
words, but not an asymptotically optimal one, is omitted.

However, a relatively minor improvement yields an asymptotically op-
timal code-word alphabet. This time we encode x not by Z, but by
E(z) = l(x)z, that is, by encoding first the length of z in prefix-free
form, followed by the literal representation of x. For example, 01011 is
now coded as 1101001011, encoding {(z) as 10 according to Equation 1.3.
Code F is prefix-free, since if we know the length of = as well as the start
of its literal representation, then we also know where it ends. The length
set of this code is given by [(E(x)) = l(z) + 2I(l(z)) 4+ 1 for x € N. The
proof that this code is asymptotically optimal universal is omitted. <

This shows that there are asymptotically optimal prefix-codes. We now
inquire how far we can push the idea involved.

It is straightforward to improve on Example 1.11.15 by iterating the
same idea, as in Equation 1.4 on page 13. That is, we precede = by
its length I(z), and in turn precede [(x) by its own length (I(z)), and
so on. That is, the prefix-code E;, for all finite strings z, is defined by
E;(z) = E;—1(I(x))x and F(z) = Z . For example, with ¢ = 3, the string
01011 is coded as 1011001011, using the correspondence of Formula 1.3.
This is a kind of ladder code, where the value of 7 is supposed to be fixed
and known to coder and decoder. The length of F;(x) is given by

20(x) + 1 if i =1,
I(Ei()) ={ I(z) + U(Ei_y (I(x))) ifi> 1.

For each fixed ¢ > 1 the prefix-code FE; is self-delimiting, universal, and
asymptotically optimal. O
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Can we improve this? Define I*(z) = I(I*~*(z)), the k-fold iteration of taking
the length, and I'(z) = I(x). Define a coding

E*(x) = I*(2)0l* *(2)0...0z1,

with k the number of steps necessary to get I*(z) = 1. For instance, the string
01011 is coded as 10100010111, using the correspondence of Equation 1.3.
Again, this code is self-delimiting, universal, and asymptotically optimal. The
code-word length is given by

k

UE (2) =1+ (') +1).

i=1

This is within an O(k) additive term of {*(x), defined as
1" (z) = log z + log log = + log loglog x + - - -, (1.23)

where the sum involves only the positive terms. The number of terms is de-
noted by log™ z. It can be proved that Zx 271"(®) = ¢ is finite, with ¢ =
2.865064 ... . If we put I = I*(z) + log ¢, then the Kraft inequality is satisfied
with equality.

However, a lower bound on the code length is set by £*(z), defined as

sy J W)+ e@) i () > 1,
)= { U(z) if {(z) = 0,1. (1.24)
It can be shown that
I"(z) — £*(z) < log" z, (125)

Z 27 @) = o 2271*@) < 3.
x x

Hence, although ¢ is fairly close to [*, by the divergence of the ¢* series in
Equation 1.25 it follows by the Kraft inequality, Theorem 1.11.1, that there is
no prefix-code with length set {£*(z):x € N'}.

Statistics deals with gathering data, ordering and representing data, and
using the data to determine the process that causes the data. That this
viewpoint is a little too simplistic is immediately clear: suppose that
the true cause of a sequence of outcomes of coin flips is a fair coin,
where both sides come up with equal probability. It is possible that the
sequence consists of ‘heads’ only. Suppose that our statistical inference
method succeeds in identifying the true cause (fair coin flips) from these
data. Such a method is clearly at fault: from an all-heads sequence a
good inference should conclude that the cause is a coin with a heavy
bias toward ‘heads,” irrespective of what the true cause is. That is, a
good inference method must assume that the data are typical for the
cause—we don’t aim at finding the true cause, but we aim at finding a
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cause for which the data are as typical as possible. Such a cause is called
a model for the data. For some data it may not even make sense to ask for
a true cause. This suggests that truth is not our goal; but within given
constraints on the model class we try to find the model for which the
data are most typical in an appropriate sense, the model that best fits
the data. Considering the available model class as a magnifying glass,
finding the best-fitting model for the data corresponds to finding the
position of the magnifying glass that best brings the object into focus.

In introducing the notion of sufficiency in classical statistics, R.A. Fisher
(1890-1962) observed:

“The statistic chosen should summarize the whole of the relevant information
supplied by the sample. This may be called the Criterion of Sufficiency ...
In the case of the normal curve of distribution it is evident that the second
moment is a sufficient statistic for estimating the standard deviation.” [Fisher]

A ‘sufficient’ statistic of the data contains all information in the data
about the model class. Sufficiency is related to the concept of data re-
duction. Suppose that we have data consisting of n bits. If we can find a
sufficient statistic that takes values of O(logn) bits, then we can reduce
the original data to the sufficient statistic with no loss of information
about the model class.

This notion has a natural interpretation in terms of mutual informa-
tion, Equation 1.15 on page 71, so that we may just as well think of a
probabilistic sufficient statistic as a concept in information theory. Let
{Py : 0 € ©} be a family of distributions, with parameters 6 € O, of a
random variable X that takes values in a finite or countable set of data
X. Such a family is also called a model class. A statistic S is a function
S : X — S taking values in some set S. We also call S(x) a statistic of
data z € X. A statistic S is said to be ‘sufficient’ for the model class © if
all information about any 6 present in the observation x is also present
in the coarser-grained observation s. Formally, let pyp(z) = Py(X = x),
and let pg(x|S(x) = s) denote the probability mass function of the con-
ditional distribution. Define

po(s)= > po(x),

z:S(x)=s

po(z]S(z) = 5) = { ge(ﬂf)/pe(s) i gg; ; %

A statistic S is sufficient if there exists a function g : X x § — R such
that

q(z,s) = po(z[S(z) = s), (1.26)

forevery 6 € ©, s € S, and ¢ € X.
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Lemma 1.11.1

Let X = {0,1}", let X = (X1,...,X,) be a sequence of n independently
and identically distributed random variables X;, each of which is a coin
flip with probability § of outcome 1 (success) and probability 1 — 8 of
outcome 0 (failure). The corresponding model class is {P : 6 € (0,1) C
R}. Then, with outcome X =z (x = x;1...2,),

po(x) =po(a1...20) = 95(1’)(1 _ 9)%5(@)7

where S(z) = Y7, x; is the number of 1’s in 2. This function S : X —
{0,...,n} is a sufficient statistic for the model class above. Namely,
choose an element Py from the model class, with parameter 6 € (0,1),
and an s € {0,...,n}. Then all 2’s with s ones and n — s zeros are
equally probable. The number of such x’s is (:) Therefore,

mlaiste) =5 = { /1) Eo0 2 (127
for every 6 € (0,1). That is, the distribution pg(x|S(xz) = s) is inde-
pendent of the parameter 6. Equation 1.27 satisfies Equation 1.26, with
q(z, s) defined as the uniform probability of an x with exactly s ones.
Therefore, S(z) is a sufficient statistic relative to the model class in
question. <&

(Relation to mutual information) The definition of sufficient statis-
tic, Equation 1.26, can also be formulated in terms of mutual informa-
tion. Choose some prior distribution over ©, the parameter set for our
model class. We denote the probability mass function of this distribution
by pi1. In this way, we can define joint distributions

p(0,x) = p1(0)po (),
p(0,5(x)) = p1(0)po(S(x)),

and the mutual information items

o . p(0,x)
1(6; X) —%p(é), Jog S~ 0 0TS b7
. ~ Mo p(0,5(x))

This leads to an alternative formulation of the notion of sufficient statis-
tic of Definition 1.11.6 in terms of mutual information.

A statistic S is sufficient iff I1(©; X) = I(0; S(X)) under all prior dis-
tributions p1(6).
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That is, a statistic is sufficient iff the mutual information between model
random variable and data random variable is invariant under coarse-
graining the data by taking the statistic. We defer the proof to Exer-
cise 1.11.15 on page 90. <&

(Minimal sufficient statistic) Continue Example 1.11.17 on page 84.
Consider a statistic 7' that counts the number of 1’s in x that are fol-
lowed by a 1. This statistic is not sufficient. But the combined statistic
V(z) = (S(x),T(x)), with S(x) counting the number of 1’s in = as in
Example 1.11.17, is sufficient, since it contains all information in x about
the model class concerned. Such a statistic is overly sufficient, as is the
data x itself, since it gives too much detail of x with respect to the model
class in question. Generally, we want to obtain a statistic that gives just
sufficient information, and anything less is insufficient. A statistic is a
minimal sufficient statistic with respect to an indexed model class {pg}
if it is a function of all other sufficient statistics: it contains no irrele-
vant information and maximally compresses the information in the data
about the model class. For the family of normal distributions, the sample
mean is a minimal sufficient statistic, but the sufficient statistic consist-
ing of the mean of the even samples in combination with the mean of
the odd samples is not minimal. Note that one cannot improve on suffi-
ciency: The data-processing inequality, Equation 1.19 on page 72, states
that

1(0;X) > 1(0;S(X)),

for every function S, and that for randomized functions S an appro-
priate related expression holds. That is, mutual information between
data random variable and model random variable cannot be increased
by processing the data sample in any way. &

Let = belong to a set X of source words. Suppose we want to communi-
cate source words using a code of at most r bits for each such word. (We
call r the rate.) If 2" is smaller than d(X), then this is clearly impossible.
However, for every & we can try to use a representation y that in some
sense is close to x. Assume that the representations are chosen from a
set ), possibly different from X. Its elements are the destination words.
We are given a function from X x ) to the reals, called the distortion
measure. It measures the lack of fidelity, which we call distortion, of the
destination word y against the source word x.

For a given binary string x of length n and precision 6 € [0, %] we may

look for a simple string y of length n such that the Hamming distance
between x and y does not exceed dn. Such questions are related to lossy
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compression, where we have a trade-off between the compressed length
and the distortion (a certain distance between the original object and
the lossily compressed object). <&

The classical rate-distortion theory was initiated by Shannon, and we
briefly recall his approach. A single-letter distortion measure is a func-
tion d that maps elements of X x ) to the reals. Define the distortion
between words x and y of the same length n over alphabets X and Y,
respectively, as

1 n
i=1

Let X be a random variable with values in X. Consider the random
variable X" with values in X™ that is the sequence Xi,...,X, of n
independent copies of X. We want to encode words of length n over X
by words over ) so that the number of all code words is small and the
expected distortion between outcomes of X™ and their codes is small.
The trade-off between the expected distortion and the number of code
words used is expressed by the rate-distortion function denoted by r™(4).
It maps every 6 € R to the minimal natural number r (we call r the
rate) having the following property: There is an encoding function E :
X" — Y™ with a range of cardinality at most 2" such that the expected
distortion between the outcomes of X and their corresponding codes is
at most 9.

In 1959 Shannon gave the following nonconstructive asymptotic charac-
terization of r"(d). Let Z be a random variable with values in ). Let
H(Z), H(Z|X) stand for the Shannon entropy and conditional Shannon
entropy, respectively. Let I(X; Z) = H(Z)— H(Z|X) denote the mutual
information in X and Z, and let Ed(X, Z) stand for the expected value
of d(X, Z). For a real ¢, let R(J) denote the minimal I(X; Z) subject to
Ed(X, Z) < 6. That such a minimum is attained for all § can be shown
by compactness arguments.

For every n and § we have r™(6) > nR(5). Conversely, for every é and
every positive €, we have 1" (0 + €) < n(R(§) +¢€) for all large enough n.

1.11.1. [10] To use an extra symbol like 2 is costly when expressed in
bits. Show that the coding of strings consisting of k zeros and ones and
one 2 requires messages of about k + log k bits.

Comments. Hint: there are 2¥(k + 1) such strings.
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1.11.2. [13] Suppose we have a random variable X that can assume

values a, b, c,d with probabilities 1, 2, 1 and i, respectively, with no

20 40 87 8"
dependency between the consecutive occurrences.

(a) Show that the entropy H(X) is £ (bits per symbol).

(b) Show that the code E with E(a) = 0, E(b) = 10, E(c) = 110, and
E(d) = 111 achieves this limiting value.

1.11.3. [10] Let M be the set of possible source messages, and let
E : M — {0,1}* be a prefix-code.

(a) Let M be a set of messages using symbols in an alphabet A. Show
that if F is a prefix-code on A, then the homomorphism induced by E
is a prefix-code on M.

(b) Show that the Shannon—Fano code presented in the main text is a
prefix-code.

1.11.4. [26] Prove that the entropy function H has the following four
properties:

(a) For given n and >_"_, p; = 1, the function H(p1,po, ..., pn) takes its
largest value for p;, = 1/n (i = 1,2,...,n). That is, the scheme with the
most uncertainty is the one with equally likely outcomes.

(b) H(X,Y) = H(X) 4+ H(Y|X). That is, the uncertainty in the prod-
uct of schemes x and y equals the uncertainty in scheme z plus the
uncertainty of y given that x occurs.

(¢c) H(p1,p2,---,pn) = H(p1,p2,--.,Pn,0). That is, adding the impos-
sible event or any number of impossible events to the scheme does not
change its entropy.

(d) H(p1,p2,--.,pn) = 0 iff one of the numbers py,ps,...,p, is one
and all the others are zero. That is, if the result of the experiment
can be predicted beforehand with complete certainty, then there is no
uncertainty as to its outcome. In all other cases the entropy is positive.

Comments. Source: C.E. Shannon, Bell System Tech. J., 27(1948), 379
423, 623-656.

1.11.5. [32] Prove the following theorem. Let H(p1,pa,...,pn) be a
function defined for any integer n and for all values pi,p2,...,p, such
thatp; >0 (i =1,2,...,n), >, p; = 1. If for any n this function is con-
tinuous with respect to all its arguments, and if it has the properties in
Ttems (a), (b), and (c) of the previous exercise, then H(p1,pa,...,pn) =
AY i pilog1l/p;, where A is a positive constant.

Comments. This is called the entropy uniqueness theorem. It shows that
our choice of expression for the entropy for a finite probability scheme
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is the only one possible if we want to have certain general properties
that seem necessary in view of the intended meaning of the notion
of entropy as a measure of uncertainty or as amount of information.
Source: A.I. Khintchin, Mathematical Foundations of Information The-
ory, Dover, 1957.

1.11.6. [08] Define a code ¢ by E(1) = 00, E(2) = 01, E(3) = 10,
E(4) = 11, E(5) = 100.

(a) Show that the code sequence 00011011100 is uniquely decodable.

(b) Show that the code sequence 100100 can be decoded into two differ-
ent source sequences.

1.11.7. [09] (a) Define code E by E(z) = 01* for x = 1,2,... . Show
that E is uniquely decodable, but it is not a prefix-code.
(b) Define a code E by E(z) = 170 for x = 1,2,... . Show that this is

a prefix-code and (hence) uniquely decodable.

1.11.8. [19] Let K = {z : ¢.(z) < oo} be the diagonal halting set
(Section 1.7). Let k1, ko,... be the list of elements of K in increasing
order. Define code E by E(z) = 1%=0.

(a) Show that FE is a prefix-code and uniquely decodable.
(b) Show that E is not recursive.
(c) Show that the decoding function E~! is not recursive.

Comments. Hint: the set K is recursively enumerable but not recur-
sive. Codes with nonrecursive code-word alphabets are abundant, since
there are uncountably many codes (prefix-codes), while there can be
only countably many recursive code-word alphabets.

1.11.9. [22] Let a code have the set of code-word lengths Iy,1s,... .
Show that if the code is uniquely decodable, then the Kraft inequality,
Theorem 1.11.1, must be satisfied.

Comments. Thus, Theorem 1.11.1 holds for the wider class of uniquely
decodable codes. This is called the McMillan—Kraft Theorem. Source:
R.G. Gallager, Information Theory and Reliable Communication, Wiley,
1968. Attributed to B. McMillan.

1.11.10. [26] (a) Show that the set of code words {Z : € N'} is a uni-
versal code-word alphabet. Show that it is not asymptotically optimal.

(b) Show that the set of code words {i(z)z : z € N} is a universal
code-word alphabet. Show that it is also asymptotically optimal.

Comments. Source: P. Elias, IEEE Trans. Inform. Theory, IT-21(1975),
194-203.
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1.11.11. [37] The prefix-code E* of Example 1.11.16 is an asymptoti-
cally optimal universal code because F» is already one.

(a) Show that >, 271" (") = ¢ with ¢ = 2.865064... . Show that the
Kraft inequality, Theorem 1.11.1, is satisfied with equality for the length
set I, =1*(n) +loge,n=1,2,... .

(b) Let the code E* be defined by
Ef(z) = ki*(x)I* 1(z) ... x,

where the length function is iterated until the value [*(z) = 1. Show
that E* is prefix-free. Show that this representation of the integers is
even more compact than E*.

Comments. Source for Item (a): J. Rissanen, Ann. Statist., 11(1983),
416-431.

1.11.12. [29] The function log™ n denotes the number of times we can
iterate taking the binary logarithm with a positive result, starting from
n. This function grows extremely slowly. It is related to the Ackermann
function of Exercise 1.7.18. In that notation it is a sort of inverse of

f(3,x,2).

(a) Let 1,15, ... be any infinite integer sequence that satisfies the Kraft
inequality, Theorem 1.11.1. Show that ,, > [*(n) — 2log" n for infinitely
many 1.

(b) Show that log™ n is unbounded and primitive recursive. In particular,
show that although log™ n grows very slowly, it does not grow more slowly
than any unbounded primitive recursive function.

Comments. Hint: use exercises in Section 1.7. Because log™ n grows very
slowly, we conclude that I*(n) is not far from the least asymptotic upper
bound on the code-word-length set for all probability sequences on the
positive integers. In this sense it plays a similar role for binary prefix-
codes as our one-to-one pairing of natural numbers and binary strings
in Equation 1.3 plays with respect to arbitrary binary codes. Source: J.
Rissanen, Ibid.

1.11.13. [M30] We consider convergence of the series > 2~ f(kan)
for f(k,a;n) = logn + loglogn + --- + alog® n, with log™® the k-
fold iteration of the logarithmic function defined by log(l) n = logn and
log(k) n = log log(k_l) n for k > 1.

(a) Show that for each k > 2, the series above diverges if @ < 1 and that
the series converges if a > 1.

(b) Show that the series Y n~% diverges for & < 1 and converges for
a > 1. (This is the case k = 1.)
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Comments. This gives an exact borderline between convergence and di-
vergence for the series in Kraft’s inequality, Theorem 1.11.1. Hint: use
Cauchy’s condensation test for convergence of series. Source: K. Knopp,
Infinite Sequences and Series, Dover, 1956. Attributed to N.H. Abel.

1.11.14. [22] We derive a lower bound on the minimal average code-
word length of prefix-codes. Consider the standard correspondence be-
tween binary strings and integers as in Equation 1.3. Define f(n) =
I(n) +1(l(n)) + - - - + 2. Show that >, 27/ = oco.

Comments. Hint: Let the number of terms in f(n), apart from the 2, be
h(n) = 0 for n = 2 and 1 + h(h(n)) for n > 2 (this defines function h).
Define s; = 37, () 277" and 507 . 27F(M) = 5 s, We show that

all s; are equal to 1, using induction on i. Clearly so = 27° = 1. Also

= Y 2 o 3 g

h(n)=i+1 h(l(n))=i

— Z Z 9—(m+f(m)) _ Z 2m2—(m+f(m)):5i_

h(m)=i l(n)=m h(m)=1
1.11.15. [32] Prove Lemma 1.11.1.

Comments. The notion of sufficient statistic is due to R.A. Fisher, Philos.
Trans. Royal Soc., London, Sec. A, 222(1922), 309-368. The mutual
information version is given in [T.M. Cover, J.A. Thomas, Elements
of Information Theory, Wiley, New York, 1991, pp. 36-38]. Hint: the
relationship in Lemma 1.11.1 between mutual information and sufficient
statistic is due to S. Kullback, Information Theory and Statistics, Wiley,
New York, 1959.

A fourth historical root of Kolmogorov complexity seems to be another
issue (other than information theory) raised by Shannon. In his paper
“A universal Turing machine with two internal states” [pp. 129-153 in:
Automata Studies, C.E. Shannon and J. McCarthy, eds., Princeton Univ.
Press, 1956] he showed that there is a simple way of changing each
Turing machine using m > 2 states to a Turing machine using only
two states and computing essentially the same function. This requires
expanding the number of tape symbols, since the state of the original
machine needs to be stored and updated on the tape of the corresponding
two-state machine. The main result of this exercise is the construction
of a two-state universal Turing machine. It turns out that a one-state
universal Turing machine does not exist. Trying to minimize the other
main resource, the number of tape symbols, is resolved even more simply:
two tape symbols suffice, namely, by the expedient of encoding the m
different tape symbols in binary strings of O(logm) length. The string
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of all 0’s is reserved to encode the distinguished blank symbol B. It is
not very difficult, but tedious, now to adapt the finite control to make
the whole arrangement work. Again this is the minimum, since it is
impossible to construct a universal Turing machine with only one tape
symbol.

It turns out that in both cases (reducing the number of states to two, or
the number of tape symbols to two), the product of the number of states
and the number of tape symbols increases at most eightfold. This sug-
gests that this product is a relatively stable measure of the complexity
of description of algorithms in the syntax of our Turing machine formal-
ism. Following this idea, Shannon proposed the state—symbol product as
a measure of complexity of description of algorithms. In particular, we
can classify computable functions by the smallest state-symbol product
of Turing machines that compute it. Here we assume of course a fixed
formalism to express the Turing machines. It is a straightforward insight
that this product is closely related to the number of bits to syntactically
specify the Turing machine in the usual notation.

Gregory Chaitin, in papers appearing in 1966 and 1969, analyzed this question
in great detail. In his 1969 paper, observing that each Turing machine can be
coded as a program for a fixed-reference universal machine, he formulated as a
variant of Shannon’s approach the issue of the lengths of the shortest programs
of the reference Turing machine to calculate particular finite binary strings.

1.12.1. [12] It is usual to allow Turing machines with arbitrarily large
tape alphabets A (with the distinguished blank symbol B serving the
analogous role as before). Use the quadruple formalism for Turing ma-
chines as defined earlier. How many Turing machines with m states and
n tape symbols are there? (Count the blank tape symbol B as one of
the n tape symbols.)

1.12.2. [20] Define Turing machines in quadruple format with arbitrar-
ily large tape alphabets A, and state sets @, d(A), d(Q) < co. Show that
each such Turing machine with state set () and tape alphabet A can be
simulated by a Turing machine with tape alphabet A, d(A’) = 2, and
state set @’ such that d(A")d(Q’) < ¢d(A)d(Q), for some small constant
c. Determine c¢. Show that the analogous simulation with d(A’) = 1 is
impossible (d(Q’) = o).

Comments. See C.E. Shannon, pp. 129-153 in: Automata Studies, C.E.
Shannon and J. McCarthy, eds., Princeton University Press, 1956. This
is also the source for the next exercise.

1.12.3. [25] Show that each such Turing machine with state set @ and
tape alphabet A can be simulated by a Turing machine with state set Q’,
d(Q') = 2, and tape alphabet A’ such that d(A")d(Q’) < cd(A)d(Q), for
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some small positive constant c¢. Determine c¢. Show that the analogous
simulation with d(Q’) =1 is impossible (implies d(A’) = o0).

1.12.4. [37] Give a universal Turing machine with d(A4)d(Q) < 35.

Comments. Such a construction was first found by M. Minsky [Ann.
Math., 74(1961), 437-455].

In notation concerning binary strings and so forth we follow A.K. Zvonkin
and L.A. Levin [Russ. Math. Surveys, 25:6(1970), 83—-124]. (According
to the Cyrillic alphabet of the original version of this important survey
of Kolmogorov complexity ‘Zvonkin’ precedes ‘Levin.” This author order
was maintained in the English translation.) The big-O notation is dis-
cussed in [D.E. Knuth, SIGACT News, 4:2(1976), 18-24; P.M.B. Vitdnyi
and L.G.L.T. Meertens, SIGACT News, 16:4(1985), 56-59; D.E. Knuth,
Fundamental Algorithms, Addison-Wesley, 1973].

The basics of combinatorics can be found in many textbooks, for instance
[D.E. Knuth, Fundamental Algorithms, Addison-Wesley, 1973; W. Feller,
An Introduction to Probability Theory and Its Applications, Wiley, 1968].
Turing machines were introduced by A.M. Turing in an important paper
[Proc. London Math. Soc., 42(1936), 230-265; Correction, Ibid.], where
also the quoted material can be found. Related notions were introduced
also in [E.L. Post, J. Symb. Logic, 1936]. The standard textbook ref-
erences for basic computability theory are [H. Rogers, Jr., Theory of
Recursive Functions and Effective Computability, McGraw-Hill, 1967; P.
Odifreddi, Classical Recursion Theory, North-Holland, 1989]. The notion
of semicomputable functions was, perhaps, first used in [A.K. Zvonkin
and L.A. Levin, Ibid.]. In the previous editions of the current book they
are called ‘(co-)enumerable functions.” Material on computable (recur-
sive) and semicomputable real numbers partly arises from this context.
For related work see [M.B. Pour-El and J.I. Richards, Computability in
Analysis and Physics, Springer-Verlag, 1989].

In Section 1.7.4, we introduced the basic terminology of computational
complexity theory that we will need in Chapter 7. For computational
complexity theory see [J. Hartmanis, Feasible computations and prov-
able complexity properties, STAM, 1978; J.L. Balcazar, J. Diaz, and J.
Gabarré, Structural Complexity, Springer-Verlag, 1988; and M.R. Garey
and D.S. Johnson, Computers and Intractability, Freeman, 1979).

A.N. Kolmogorov’s classic treatment of the set-theoretic axioms of the
calculus of probabilities is his slim book Grundbegriffe der Wahrschein-
lichkeitsrechnung, Springer-Verlag, 1933; English translation published
by Chelsea, New York, 1956. A standard textbook in probability theory
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is [W. Feller, An Introduction to Probability Theory and Its Applications,
Wiley, 1968].

General statistical tests for (pseudo)randomness of sequences are ex-
tensively treated in [D.E. Knuth, Seminumerical Algorithms, Addison-
Wesley, 1981]. Statistical testing for randomness of the decimal repre-
sentations of 7, e, and /2 specifically is found in [D.E. Knuth, Ibid.,
144-145; S.S. Skiena, Complex Systems, 1(1987), 361-366]. The quoted
remark of J. von Neumann (1903-1957) appears in [Various techniques
used in connection with random digits, Collected Works, Vol.V, Macmil-
lan, 1963]. R. von Mises’s foundation of probability theory based on fre-
quencies is set forth in [Mathemat. Zeitsch., 5(1919), 52-99; Correction,
Ibid., 6(1920); Probability, Statistics and Truth, Macmillan, 1939]. In the
1920 correction to this paper, von Mises writes, “In der Arbeit von Prof.
Helm aus Dresden in Bd 1 der Naturphilosophie 1902, 364— ‘Wahrschein-
lichkeitstheorie des Kollektivbegriffes’ dort wird auch die Umkehrung der
Wahrscheinlichkeitsdefinition, ndmlich ihre Zuriickfithrung auf Kollek-
tive statt auf Bereiches gleich moglicher Félle, in der Hauptsache bereits
vorgebildet.” (“In the paper of Prof. Helm from Dresden in volume 1
of Naturphilosophie, 1902, 364— ‘Wahrscheinlichkeitstheorie des Kollek-
tivbegriffes’ the key elements of the inverse definition of probability,
namely its foundation on collectives instead of its foundation on domains
of equally probable events, are also already exhibited.”) A critical com-
parison of different (foundational) theories of probabilities is [T.L. Fine,
Theories of Probability, Academic Press, 1973]. The formulation of the
apparent circularity in the frequency foundation of probability is from
[J.E. Littlewood, Littlewood’s Miscellany, Cambridge Univ. Press, 1986,
71-73]. The quotations of Kolmogorov, as well as the finitary version of
von Mises’s collectives, are from [Sankhya, Series A, 25(1963), 369-376].
The work in improving von Mises’s notion of admissible place selections
is due to A. Wald [Frgebnisse eines Mathematischen Kolloquiums, Vol.
8, 1937, 38-72], who proved existence of collectives under the restriction
of the number of admissible place-selection rules to countably infinite;
to A. Church [Bull. Amer. Math. Soc., 46(1940), 130-135], who further
restricted admissible place selections to computable functions; and to J.
Ville [Etude Critique de la Notion de Collectif, Gauthier-Villars, 1939],
who showed that the von Mises—Wald—Church definitions still fail to
satisfy randomness properties such as the law of the iterated logarithm.
Champernowne’s number was found by D.G. Champernowne [J. Lon-
don Math. Soc., 8(1933), 254-260]. The entire issue of randomness of
individual finite and infinite sequences is thoroughly reviewed by D.E.
Knuth [Ibid., 142-169; summary, history, and references: 164-166]. A
recent survey on the foundational issues of randomness was given by M.
van Lambalgen [J. Symb. Logic, 52(1987), 725-755; Random Sequences,
Ph.D. thesis, Universiteit van Amsterdam, 1987].



94

1. Preliminaries

Our treatment of Bayes’s rule follows R. von Mises [ Probability, Statistics
and Truth, Macmillan, 1939]. The idea of a universal a priori probability
is due to R.J. Solomonoff. The Chernoff bounds, Lemma 1.10.1, are due
to H. Chernoff [Ann. Math. Stat., 23(1952), 493-509]. The form we use is
from L.G. Valiant and D. Angluin [J. Comput. System Sci., 18:2(1979),
155-193], who in turn base it on [P. Erdés and J. Spencer, Probabilistic
Methods in Combinatorics, Academic Press, 1974, p. 18].

Information theory was introduced as an essentially complete new math-
ematical discipline in C.E. Shannon’s classic paper [Bell System Tech.
J., 27(1948), 379423, 623-656]. Standard textbooks are [R.G. Gallager,
Information Theory and Reliable Communication, Wiley & Sons, 1968;
T.M. Cover and J.A. Thomas, Elements of Information Theory, Wiley
& Sons, New York, 1991]. Our discussion of information theory used
the original papers of Shannon. The Shannon—Fano code is due to C.E.
Shannon [Bell System Tech. J., 27(1948), 379-423, 623-656]. It is also
attributed to R.M. Fano. The discussion is nonstandard insofar as we fol-
lowed Kolmogorov’s idea that the combinatorial approach to information
theory should precede the probabilistic approach, in order to emphasize
the logical independence of the development of information theory from
probabilistic assumptions [Problems Inform. Transmission, 1(1965), 1-
7; Russian Math. Surveys, 38:4(1983), 29-40]. The latter papers mention
the following justification. In linguistic analysis it is natural to take such
a purely combinatorial approach to the notion of the entropy of a lan-
guage. This entropy is an estimate of the flexibility of a language, a
number that measures the diversity of possibilities for developing gram-
matically correct sentences from a given dictionary and grammar. Using
S.I. Ozhegov’s Russian dictionary, M. Ratner and N.D. Svetlova obtained
the estimate h = (log N)/n = 1.9+ 0.1 with N the number of Russian
texts of length n (number of letters including spaces). This turns out
to be much larger than the upper estimate for entropy of literary texts
that can be obtained by various methods of guessing continuations. Nat-
urally so, since literary texts must meet many requirements other than
grammatical correctness. For this discussion and further remarks about
change of entropy under translations, and the entropy cost of adhering
to a given meter and rhyme scheme, see A.N. Kolmogorov [Sankhya, Se-
ries A, 25(1963), 369-376]. For instance, Kolmogorov reports that classic
rhyming iambic tetrameter requires a freedom in handling verbal mate-
rial characterized by a residual entropy of ca. 0.4. “The broader problem
of measuring the information connected with creative human endeavor
is of the utmost significance.”

The general theory of coding and prefix-codes as in Section 1.11.1 is
treated in [R.G. Gallager, Information Theory and Reliable Communi-
cation, Wiley, 1968]. The ubiquitous Kraft inequality for prefix-codes,
Theorem 1.11.1, is due to L.G. Kraft [A Device for Quantizing, Group-
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ing, and Coding Amplitude Modulated Pulses, M. Sc. thesis, Dept. Electr.
Eng., MIT, Cambridge, Mass., 1949]. C.E. Shannon’s noiseless cod-
ing theorem, Theorem 1.11.2, establishing the minimal average code-
word length is from [Bell System Tech. J., 27(1948), 379423, 623-656].
Universal codes for infinite sets and unknown probability distributions
were first proposed by Kolmogorov [Problems Inform. Transmission,
1:1(1965), 1-7]. For further developments such as universal coding we
used [P. Elias, IEEE Trans. Inform. Theory, IT-21(1975), 194-203; S.K.
Leung-Yan-Cheong and T.M. Cover IEEE Trans. Inform. Theory, 1T-
24(1978), 331-339; J. Rissanen, Ann. Stat., 11(1983), 416-431; Stochas-
tic Complexity in Statistical Inquiry, World Scientific, 1989].

The notion of sufficient statistic is due to R.A. Fisher, Philos. Trans.
Royal Soc., London, Sec. A, 222(1922), 309-368. The mutual informa-
tion version is given in [T.M. Cover, J.A. Thomas, Elements of Infor-
mation Theory, Wiley, New York, 1991, pp. 36-38]. The relationship in
Lemma 1.11.1 between mutual information and sufficient statistic is due
to S. Kullback, Information Theory and Statistics, Wiley, New York,
1959.

Rate-distortion theory was introduced by C.E. Shannon [Bell System
Tech. J., 27(1948), 379423, 623—656] and treated in detail in [IRE
National Convention Record, Part 4, 1959, 142-163]. A textbook is T.
Berger, Rate Distortion Theory: A Mathematical Basis for Data Com-
pression, Prentice-Hall, 1971.

The state-symbol complexity measure for Turing machines (and recur-
sive functions) was apparently first discussed by C.E. Shannon [Au-
tomata Studies, C.E. Shannon and J. McCarthy, eds., Princeton Univ.
Press, 1956, 129-153].

Kolmogorov complexity originated with the discovery of universal de-
scriptions, and a recursively invariant approach to the concepts of com-
plexity of description, randomness, and a priori probability. Historically,
it is firmly rooted in R. von Mises’s notion of random infinite sequences
as discussed above. The first work in this direction is possibly K. Goédel’s
On the length of proofs of 1936, in which he proves that adding axioms to
undecidable systems shortens the proofs of many theorems (thus using
length as a measure of the complexity of proofs). With the advent of elec-
tronic computers in the 1950s, a new emphasis on computer algorithms
and a maturing general recursive function theory, ideas tantamount to
Kolmogorov complexity, came to many people’s minds, because “when
the time is ripe for certain things, these things appear in different places
in the manner of violets coming to light in early spring” (Wolfgang Bolyai
to his son Johann in urging him to claim the invention of non-Euclidean
geometry without delay [Herbert Meschkowski, Noneuclidean Geometry,
Academic Press, New York, 1964, p. 33]). Thus, with Kolmogorov com-
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plexity one can associate three inventors, in chronological order: R.J.
Solomonoff, of Cambridge, Massachusetts, USA; A.N. Kolmogorov, of
Moscow, Russia; and G.J. Chaitin, of New York, USA.

Already in November 1960, R.J. Solomonoff published a Zator Com-
pany technical report [A preliminary report on a general theory of in-
ductive inference, Tech. Rept. ZTB-138, Zator Company, Cambridge,
Mass., November 1960] that presented the basic ideas of the theory of
algorithmic complexity as a means to overcome serious problems asso-
ciated with the application of Bayes’s rule in statistics. Ray Solomonoff
was born on July 25, 1926, in Cleveland, Ohio, in the United States. He
studied physics during about 1946-1950 at the University of Chicago (he
recalls the lectures of E. Fermi and R. Carnap) and obtained an M.Sc.
from that university. From about 1951-1956 he worked in the electronics
industry doing math and physics and designing analog computers, work-
ing half-time. His scientific autobiography is published as [J. Comput.
System Sci., 55(1997), 73-88|.

Solomonoft’s objective was to formulate a completely general theory
of inductive reasoning that would overcome shortcomings in Carnap’s
[Logical Foundations of Probability, Univ. Chicago Press, 1950]. Follow-
ing some more technical reports, in a long journal paper [Inform. Contr.,
7(1964), 1-22, 224-254], he introduced ‘Kolmogorov’ complexity as an
auxiliary concept to obtain a universal a priori probability and proved
the invariance theorem, Theorem 2.1.1. The mathematical setting of
these ideas is described in some detail in Section 1.10. Solomonoff’s
work has led to a novel approach in statistics [T.L. Fine, Ibid.], lead-
ing to applicable inference procedures such as the minimal description
length principle; see Chapter 5.

This makes Solomonoff the first inventor and raises the question whether
we ought to talk about ‘Solomonoff complexity.” However, the name ‘Kol-
mogorov complexity’ for shortest effective description length has become
well entrenched and commonly understood. Solomonoff was primarily in-
terested in universal a priori probability, while Kolmogorov later, inde-
pendently, discovered and investigated the associated complexity for its
own sake. We will associate Solomonoff’s name with the universal distri-
bution and Kolmogorov’s name with the descriptional complexity. It has
become customary to designate the entire area dealing with descriptional
complexity, algorithmic information, and algorithmic probability loosely
by the name ‘Kolmogorov complexity’ or ‘algorithmic information the-
ory.” (Associating Kolmogorov’s name with the area may be viewed as
an example in the sociology of science of the Matthew effect, first noted
in the Gospel according to Matthew, 25: 29-30, “For to every one who
has more will be given, and he will have in abundance; but from him who
has not, even what he has will be taken away.”) A comprehensive ac-



1.13. History and References 97

count of Solomonoft’s ideas and their genesis is presented in the history
and references section of Chapter 4 and in Chapter 5.

Solomonoff’s publications apparently received little attention until Kol-
mogorov started to refer to them from 1968 onward. These papers con-
tain in veiled form suggestions about randomness of finite strings, incom-
putability of Kolmogorov complexity, computability of approximations
to the Kolmogorov complexity, and resource-bounded Kolmogorov com-
plexity. M. Minsky referred to Solomonoft’s work [Proc. I.R.E., January
1961, 8-30; p. 43 in Proc. Symp. Appl. Math. XIV, Amer. Math. Soc.,
1962]. To our knowledge, these are the earliest documents outlining an
algorithmic theory of descriptions.

The great Russian mathematician Andrei N. Kolmogorov was born 25
April 1903 in Tambov, Russia, and died 20 October 1987 in Moscow.
Many biographical details can be found in the Soviet Union’s foremost
mathematics journal, Uspekhi Mat. Nauk, translated into English as Rus-
sian Math. Surveys [B.V. Gnedenko, 28:5(1973), 5-16, P.S. Aleksandrov,
38:4(1983), 5-7; N.N. Bogolyubov, B.V. Gnedenko, and S.L. Sobolev,
38:4(1983), 9-27; A.N. Kolmogorov, 41:6(1986), 225-246; and the entire
memorial issue 43:6(1988), especially 1-39 by V.M. Tikhomirov]. Three
volumes of Kolmogorov’s (mathematical) Selected Works have been pub-
lished by Nauka, Moscow (in Russian) in 1985 through 1987; they are
translated in English and published by Kluwer (volume 1) and Springer
(volumes 2 and 3). The writings on algorithmic complexity are collected
in volume 3 of the Selected Works. In the Western literature, see the
memorial issue [Annals of Probability, 17:3(1989)], especially the scien-
tific biography on pp. 866-944 by A.N. Shiryaev, and an evaluation of
Kolmogorov’s contributions to information theory and to algorithmic
complexity, on pp. 840-865 by T.M. Cover, P. Gacs, and R.M. Gray. See
also the obituary in [Bull. London Math. Soc., 22:1(1990), 31-100] and
[V.A. Uspensky, J. Symb. Logic, 57:2(1992), 385-412].

In 1933 A.N. Kolmogorov supplied probability theory with a powerful
mathematical foundation in his [Grundbegriffe der Wahrscheinlichkeits-
rechnung, Springer-Verlag, 1933]. Following a four-decade-long contro-
versy on von Mises’s conception of randomness, in which Kolmogorov
played little part, the content of which is set forth in some detail in
Section 1.9, Kolmogorov finally introduced complexity of description of
finite individual objects as a measure of individual information content
and randomness, and proved the invariance theorem, Theorem 2.1.1, in
his paper of spring 1965 [Problems Inform. Transmission, 1(1965), 1-7].
His objective was primarily, apart from resolving the question of random-
ness of objects, to revise information theory by an algorithmic approach
to the information content of individual objects, in contrast to the tradi-
tional way discussed in Section 1.11. According to A.N. Shiryaev, [Annals
of Probability, 17:3(1989), 921], Kolmogorov described the essence and
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background to the algorithmic approach in his report to the Probability
Section of the Moscow Mathematical Society on April 24, 1963:

“One often has to deal with very long sequences of symbols. Some of them,
for example, the sequences of symbols in a 5-digit logarithm table, permit a
simple logical definition and therefore might be obtained by the computations
(though clumsy at times) of a simple pattern. [...] Others seem not to admit
any sufficiently simple ‘legitimate’ way to construct them. It is supposed that
such is the case for a rather long segment in a table of random numbers. [...]
There arises the question of constructing a rigorous mathematical theory to
account for these differences in behavior.” [Kolmogorov]

Says Kolmogorov, “I came to similar conclusions [as Solomonoft], before
becoming aware of Solomonoff’s work, in 1963-1964” [IEEE Trans. In-
form. Theory, IT 14:5(1968), 662—664]. And again, “The basic discovery,
which I have accomplished independently from and simultaneously with
R. Solomonoff, lies in the fact that the theory of algorithms enables us to
eliminate this arbitrariness [of interpretive mechanisms for descriptions
leading to different lengths of shortest descriptions for the same object,
and hence to different ‘complexities’ with respect to different interpre-
tive mechanisms] by the determination of a ‘complexity’ which is almost
invariant (the replacement of one method by another leads only to the
supplement of the bounded term)” [A.N. Shiryaev, Ibid., 921]. In the case
of the other two inventors, the subject we are concerned with appears,
as it were, out of the blue. But Kolmogorov’s involvement strikes one as
the inevitable confluence of interests of this great scientist: his lifelong
fascination with the foundations of probability theory and randomness,
his immediate appreciation of information theory upon its formulation
by Shannon, and his vested interest in the theory of algorithms wit-
nessed by, for instance, A.N. Kolmogorov and V.A. Uspensky, Uspekhi
Mat. Nauk, 13:4(1958), 328 [in Russian; translated Amer. Math. Soc.
Transl. (2), 29(1963), 217—-245]. The new ideas were vigorously investi-
gated by his associates. These included the Swedish mathematician P.
Martin-Lof, visiting Kolmogorov in Moscow during 1964-1965, who in-
vestigated the complexity oscillations of infinite sequences and proposed
a definition of infinite random sequences that is based on constructive
measure theory [Inform. Contr., 9(1966), 602-619; Z. Wahrsch. Verw.
Geb., 19(1971), 225-230]. There is a related development in set theory
and recursion theory, namely, the notion of ‘generic object’ in the context
of ‘forcing.” For example, being a member of the arithmetic generic set
is analogous (but not precisely) to being a member of the intersection of
all arithmetic sets of measure 1. There is a notion, called ‘1-genericity,’
that in a restricted version calls for the intersection of all recursively
enumerable sets of measure 1. This is obviously related to the approach
of Martin-Lof. Forcing was introduced by P. Cohen in 1963 to show the
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independence of the continuum hypothesis, and using sets of positive
measure as forcing conditions is due to R.M. Solovay soon afterward.

G.J. Chaitin had finished the Bronx High School of Science, and was
an eighteen-year-old undergraduate student at the City College of the
City University of New York, when he submitted two papers [J. ACM,
13(1966), 547-569; J. ACM, 16(1969), 145-159] for publication, in Oc-
tober and November 1965, respectively. In the 1966 paper he addresses
the ‘state x symbol’ complexity of algorithms following Shannon’s cod-
ing concepts, as described in Section 1.12, but does not introduce an
invariant notion of complexity. See also G.J. Chaitin’s abstracts [AMS
Notices, 13(1966), 133, 228-229] submitted October 19, 1965, and Jan-
uary 6, 1966, respectively. Continuing this work in the 1969 paper, in
the final part, Chaitin puts forward the notion of Kolmogorov complex-
ity, proves the invariance theorem, Theorem 2.1.1, and studies infinite
random sequences (in the sense of having maximally random finite ini-
tial segments) and their complexity oscillations. As Chaitin [Scientific
American, 232:5(1975), 47-52] formulates it, “this definition [of Kol-
mogorov complexity] was independently proposed about 1965 by A.N.
Kolmogorov and me. [...] Both Kolmogorov and I were then unaware of
related proposals made in 1960 by Ray Solomonoff.” A short autobiog-
raphy appears in [G.J. Chaitin, Information-Theoretic Incompleteness,
World Scientific, Singapore, 1992].






2

Algorithmic Complexity

The most natural approach to defining the quantity of information is
clearly to define it in relation to the individual object (be it Homer’s
Odyssey or a particular type of dodo) rather than in relation to a set
of objects from which the individual object may be selected. To do so,
one could define the quantity of information in an object in terms of
the number of bits required to losslesly describe it. A description of an
object is evidently useful in this sense only if we can reconstruct the full
object from this description.

We aim at something different from C.E. Shannon’s theory of commu-
nication, which deals with the specific technological problem of data
transmission, that is, with the information that needs to be transmitted
in order to select an object from a previously agreed-upon set of alter-
natives; Section 1.11. Our task is to widen the limited set of alternatives
until it is universal. We aim at a notion of absolute information of indi-
vidual objects, that is, the information that by itself describes the object
completely.

Intuition tells us that some objects are complicated and some objects
are simple. For instance, a number like 2190 is certainly very simple (we
have just expressed it in a few bits); yet evidently there are numbers of
a thousand bits for which it is hard to see how we can find a descrip-
tion requiring many fewer than a thousand bits. Such hard-to-describe
numbers would be their own shortest descriptions.

We require both an agreed-upon universal description method and an
agreed-upon mechanism to produce the object from its alleged descrip-
tion. This would appear to make the information content of an object
depend on whether it is particularly favored by the description method
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we have selected. By ‘favor’ we mean to produce short descriptions in
terms of bits.

For instance, it is well known that certain programming languages fa-
vor symbolic computations, while other programming languages favor
arithmetic computations, even though all of them are universal. The
notion of information content of individual objects can be useful only
if the quantity of information is an attribute of the object alone and
is independent of the means of description. It is a priori by no means
obvious that this is possible. Relatively recent advances resulting in the
great ideas of computability theory from the 1930s onward have made it
possible to design a universal description method that appears to meet
our goals.

Denote the set of objects by S, and assume some standard enumeration
of objects & by natural numbers n(z). We are interested in the fact that
n(x) may not be the most economical way to specify z. To compare
methods of specification, we view such a method as a partial function
over the nonnegative integers defined by n = f(p). We do not yet as-
sume that f is recursive, but maintain full generality to show to what
extent such a theory can also be developed with noneffective notions,
and at which point effectiveness is required. With each natural number
p associate the length of the finite binary string identified with p as in
Equation 1.3. Denote this length by I(p).

For each object x in S, the complexity of object x with respect to the
specifying method f is defined as

Cy(x) = min{l(p) : f(p) = n(z)},

and Cy(z) = oo if there are no such p. In computer science terminology
we would say that p is a program and f a computer, so that Cf(x) is
the minimal length of a program for f (without additional input) to
compute output z.

Considering distinct methods fi, fa, ..., f. of specifying the objects of
S, it is easy to construct a new method f that assigns to each object =
in S a complexity Cy(z) that exceeds only by ¢ (less than about logr)
the minimum of Cy, (z), Cf,(x),...,Cy,.(z). The only thing we have to
do is to reserve the first logr bits of p to identify the method f; that
should be followed, using as a program the remaining bits of p.

We say that a method f minorizes a method g (additively) if there is a
constant ¢ such that for all z,

Cr(x) < Cy(x) +ec.

Above we have shown how to construct a method f that minorizes each
of the methods fi,..., f, with constant ¢ =~ logr. Two methods f and
g are called equivalent if each of them minorizes the other.
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Consider the hierarchy of equivalence classes of methods with respect
to minorization. Kolmogorov has remarked that the idea of ‘description
length’ would be useless if the constructed hierarchy did not have cer-
tain niceness properties. In particular, we would like such a hierarchy
to have a unique minimal element: the equivalence class of description
methods that minorize all other description methods. Some sets of de-
scription methods do have a unique minimal element, while other sets
of description methods don’t.

Let C be a subclass of the partial functions over the nonnegative integers.
A function f is additively optimal (a special type of universality) for C
if it belongs to C and if for every function g € C there is a constant c¢ g4
such that Cy(z) < Cy(x) + cy,q, for all z. (Here ¢y 4 depends on f and
g, but not on z.) Replacing « by (x,y), with (-) the standard recursive
bijective pairing function, yields the definition for a class of two-variable
functions.

Clearly, all additively optimal methods f, g of specifying objects in S
are equivalent in the following way:

Cp(@) = Cy(@)] < ¢4,

for all z, where cy, is a constant depending only on f and g. Thus,
from an asymptotic point of view, the complexity C(x) of an object x,
when we restrict ourselves to optimal methods of specification, does not
depend on accidental peculiarities of the chosen optimal method.

Consider the class of description methods consisting of all partial func-
tions over the nonnegative integers. Every additively optimal function
f for this class must be unbounded. Take an infinite sequence x1, z2, . ..
such that Cy(z;) > . Define the function g by g(i) = ;. Clearly,
Cy(z;) = logi + O(1) <« Cy(x;). Therefore, f cannot be additively
optimal. Thus, there is no additively optimal partial function, and the
hierarchy of complexities with respect to the partial functions does not
have any minimal element.

The development of the theory of Kolmogorov complexity is made pos-
sible by the remarkable fact that the class of partial recursive functions
(defined in Section 1.7) possesses a universal element that is additively
optimal. Under this relatively natural restriction on the class of descrip-
tion methods (that is, to partial recursive functions) we obtain a well-
behaved hierarchy of complexities. <&

We begin by worrying about notation. There are several variants of
Kolmogorov complexity, with notations that are not used consistently
among different authors or even by the same author at different times.
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In the main text of this book we shall concentrate on two major variants
of Kolmogorov complexity. It seems educationally the right approach to
first study Kolmogorov complexity as originally defined by Solomonoff,
Kolmogorov, and Chaitin because it is intuitively clearer.

Some mathematical technicalities will naturally lead up to, and justify, the
less intuitive version of Kolmogorov complexity. The first type we call plain
Kolmogorov complexity, and the second type we call prefiz Kolmogorov com-
plexity. We use C' to denote the plain Kolmogorov complexity. We reserve K
for the prefix type. Fortunately, the majority of theorems we derive for plain
Kolmogorov complexity carry over unchanged and with the same proofs to
the prefix version. The difference is that the prefix version is tweaked to have
just the right quantitative properties for some desired uses and applications.

Identify an object x from a countably infinite sample space S with its
index n(z). Consider the class of description methods

{¢ : ¢ is a partial recursive function}.

Consider the particular problem of describing objects consisting of nat-
ural numbers in terms of programs consisting of finite strings of 0’s and
1’s. Just as in information theory, Section 1.11, where the entropy and
information of a message over an alphabet of any size are expressed in
the normalized format of bits, the restriction of the programs to a binary
alphabet does not imply any loss of generality. In both cases, changing
alphabet size leaves all statements invariant up to an appropriate loga-
rithmic multiplicative factor related to the alphabet sizes involved; see
Exercise 2.1.9.

The invariance theorem, Theorem 2.1.1 below, is the cornerstone for
the subsequent development of the theory. In fact, for many later ap-
plications it embodies the entire theoretical foundation. Recall Defini-
tion 2.0.1 of a function that is additively optimal (a special type of
universality) for a class of functions. We give the unconditional version
as a preliminary lemma.

There is an additively optimal universal partial recursive function.

Proof. Let ¢ be the function computed by a universal Turing machine
U. Machine U expects inputs of the format

The interpretation is that the total program (n,p) is a two-part code of
which the first part consists of a self-delimiting encoding of T}, and the



2.1. The Invariance Theorem 105

Definition 2.1.1

Theorem 2.1.1

second part is the literally rendered program p. In this way, U can first
parse the binary input into the T,-part and the p-part, and subsequently
simulate the computation of T, started with program p as its input
(Section 1.7). That is, ¢o((n,p)) = ¢n(p). What happens if U gets the
program Op? By convention we can set U = Ty and therefore U(0p) =
U(p). Altogether, if T;, computes the partial recursive function ¢,,, then

Co () < Cp,,(x) + co,.,
where ¢y, can be set to 2l(n) + 1. a

For many applications we require a generalization to a conditional ver-
sion, as follows. The difficulty of specifying an object can be facilitated
when another object is already specified. We define the complexity of
an object x, given an object y. Fix an effective enumeration of Turing
machines 77,75, ... as in Section 1.7. The Turing machines use a tape
alphabet {0, 1, B}, and the input to a Turing machine is a program con-
sisting of a contiguous string of 0’s and 1’s, delimited by blanks B on
both sides. In this way, a Turing machine can detect the end of its pro-
gram. The effective enumeration of Turing machines induces an effective
enumeration of partial recursive functions ¢1, ¢, ... such that T; com-
putes ¢; for all i. As above, () : N'x N' — N is a standard recursive
bijective pairing function mapping the pair (z,y) to the singleton (z, y).
We can iterate this as (z,y, 2) = (z, (y, 2)).

Let z,y,p be natural numbers. Any partial recursive function ¢, to-
gether with p and y, such that ¢({y,p)) = x, is a description of . The
complezity Cy of x conditional to y is defined by

Cy(xly) = min{l(p) : ¢((y,p)) = z},

and Cy(z|y) = oo if there are no such p. We call p a program to compute
z by ¢, given y.

There is an additively optimal universal partial recursive function ¢q for
the class of partial recursive functions to compute x given y. Therefore,
Coo (zly) < Cylxly) + g for all partial recursive functions ¢ and all x
and y, where ¢y is a constant depending on ¢ but not on x or y.

Proof. Let ¢y be the function computed by a universal Turing machine
U such that U started on input (y, (n,p)) simulates T, on input (y,p)
(Section 1.7). That is, if T}, computes the partial recursive function ¢,

then ¢0(<y7 <Tl,p>>) = ¢n(<y7p>) HGHCG, for all n,
Coo (zly) < T, (ly) + co,.,

where ¢y, = 21(n) + 1. a
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The key point is not that the universal description method necessarily
gives the shortest description in each case, but that no other description
method can improve on it infinitely often by more than a fixed constant.
Note also that the optimal complexity Cy,(x|y) is defined for all z and
y. Namely, for each = and y we can find a Turing machine that computes
output z, given y, for some input p (such as the Turing machine that
outputs x for all inputs).

For every pair 1,1’ of additively optimal functions, there is a fixed
constant ¢y 4, depending only on ¢ and ¢’, such that for all z,y we
have

|Cy(zly) = Cyr(2ly)] < cppr-

To see this, first substitute ¢g = ¥ and ¢ = ¢’ in Theorem 2.1.1, then
substitute ¢ = 1 and ¢g = ¢’ in Theorem 2.1.1, and combine the two
resulting inequalities. While the complexities according to v and v’ are
not exactly equal, they are equal up to a fized constant for all z and y.

Fix an additively optimal universal ¢g and dispense with the subscript
by defining the conditional Kolmogorov complexity C(-|-) by

C(zly) = Cgo (ly)-

This particular ¢g is called the reference function for C'. We also fix a
particular Turing machine U that computes ¢ and call U the reference
machine. The unconditional Kolmogorov complexity C(-) is defined by

C(z) = C(xle).

Programmers are generally aware that programs for symbolic manip-
ulation tend to be shorter when they are expressed in the LISP pro-
gramming language than if they are expressed in FORTRAN, while for
numerical calculations the opposite is the case. Or is it? The invariance
theorem in fact shows that to express an algorithm succinctly in a pro-
gram, it does not matter which programming language we use (up to
a fixed additive constant that depends only on the two programming
languages).

To see this, as an example consider the lexicographic enumeration of
all syntactically correct LISP programs A1, Ag, ... and the lexicographic
enumeration of all syntactically correct FORTRAN programs 1, o, ... .
With proper definitions we can view the programs in both enumerations
as computing partial recursive functions from their inputs to their out-
puts. Choosing reference machines in both enumerations, we can define
complexities Crisp(x) and CrorTrAN (2) completely analogous to C(z).
All of these measures of the descriptional complexity of x coincide up
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to a fixed additive constant. Let us show this directly for Crisp(x) and
CrorTRAN (2).

It is well known and also easy to see that each enumeration contains
a universal program; the LISP enumeration contains a LISP interpreter
program that interprets any LISP program. But there is also a LISP pro-
gram Ap that is a FORTRAN interpreter in the sense that it interprets
any FORTRAN program. Consequently, Crisp(z) < Crorrran(Z) +
I(Ap). Similarly, there is a FORTRAN program 7, that is a LISP in-
terpreter, which yields Crorrran () < Crisp(z) + (7). Consequently,
|CLISP(17) — OFORTRAN(I” < l()\p) + l(ﬂ'L) for all x. &

In Theorem 2.1.1 we used a special type of universal partial recursive
function, called ‘additively optimal.” There are other universal partial
recursive functions that are not additively optimal and for which the
theorem does not hold. For example, let ¢ be the function computed by
a universal Turing machine Uy such that Uy started on input (y, (n, pp))
simulates T}, on input (y, p), and ¢ is not defined for inputs that are not
of the form (y, (n,pp)). (That is, if T, computes the partial recursive

function ¢, then ¢(<ya (n,pp>>) = ¢n(<y7p>)) Then, for all z,y,n, we
have Cy(zly) > 2C, (aly). o

It is a deep and useful fact that the shortest effective description of an
object = can be expressed in terms of a two-part code, the first part
describing an appropriate Turing machine and the second part describ-
ing the program that interpreted by the Turing machine reconstructs
. The essence of the invariance theorem is as follows: For the fixed
reference universal Turing machine U, the length of the shortest pro-
gram to compute z is min{l(p) : U(p) = =}. Looking back at the proof
of Lemma 2.1.1, we notice that U(0Op) = U(p). From the definitions it
therefore follows that

C(2) = min{I(T) + I(p) : T(p) = v} + O(1),

where [(T') is the length of a self-delimiting encoding for a Turing ma-
chine T'. This provides an alternative definition of Kolmogorov com-
plexity (similarly, for conditional Kolmogorov complexity). The above
expression for Kolmogorov complexity can be rewritten as

C(z) = min{l(T) + C(z|T) : T € {Tp, T1,...}} + O(1), (2.1)

which emphasizes the two-part-code nature of Kolmogorov complexity,
using the regular aspects of x to maximally compress. In the example

r =10101010101010101010101010
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we can encode x by a small Turing machine that computes x from the
program 13. Intuitively, the Turing machine part of the code squeezes out
the regularities in x. What is left are irregularities, or random aspects,
of x relative to that Turing machine. The minimal-length two-part code
squeezes out regularity only insofar as the reduction in the length of
the description of random aspects is greater than the increase in the
regularity description.

The right model is a Turing machine T" among those that reach the
minimum description length

mjin{l(T) +C|T):Te{Ty,T1,...}}.

This T' embodies the amount of useful information contained in . The
main remaining question is which such T to select among those that
satisfy the requirement. The problem is how to separate a shortest pro-
gram x* for x into parts z* = pq such that p represents an appropriate
T. This idea has spawned the ‘minimum description length’ principle in
statistics and inductive reasoning, Section 5.4; Kolmogorov’s structure
functions and algorithmic (minimal) sufficient statistic, Section 5.5; and
the notion of algorithmic entropy in Section 8.6.

Theorem 2.1.1 has a wider importance than just showing that the hier-
archy of Cy complexity measures contains an additively optimal one. It
is also our principal tool in finding upper bounds on C(x). Such upper
bounds depend on the choice of reference function, and hence are proved
only to within an additive constant.

Intuitively, the Kolmogorov complexity of a binary string cannot exceed
its own length, because the string is obviously a (literal) description of
itself.

There is a constant ¢ such that for all x and vy,

C(z) <l(z) 4+ c and C(x|y) < C(z) +c.

Proof. The first inequality is supremely obvious: define a Turing machine
T that copies the input to the output. Then for all z, we have Cr(z) =
I(x). By Theorem 2.1.1 the result follows.

To prove the second inequality, construct a Turing machine T that for
all y,z computes output x on input (z,y) iff the universal reference
machine U computes output = for input (z,€). Then Cr(z|y) = C(z).
By Theorem 2.1.1, there is a constant ¢ such that C(z|y) < Cr(z|y)+c =
C(z) +c. |

Note that the additive constants in these inequalities are fudge terms
related to the reference machine U. For example, we need to indicate
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to the reference machine that a given description is the object itself,
and this information adds a number of bits to the literal description.
In Section 3.2 we will calculate the constants explicitly as 8 and 2, re-
spectively. Let us look at some more examples in order to develop our
intuition about the notion of complexity of description.

For each finite binary string 2 we have C(zz) < C(z)+ O(1). Construct
a Turing machine V' such that V(p) = U(p)U(p), for all programs p,
where U is the reference machine in the proof of Theorem 2.1.1. In
particular, if U(p) = =, then V(p) = xx. Let V = T, in the standard
enumeration of Turing machines 71,75, ... . With 7 denoting the self-
delimiting description 11" 0m, of m, we have U(mp) = T,,(p) = xx and
I(mp) = l(p) + 2I(m) + 1. Hence, C(zz) < C(z) + 2I(m) + 1. From now
on we leave the more obvious details of this type of argument for the
reader to fill in. <&

Recall that zf* denotes the reverse of z. Clearly, the complexities of z
and ' can differ by at most a fixed constant ¢ independent of z. That
is, |C(z) — C(2f)| < ¢ holds for all z. We can generalize this example
as follows: For every total recursive function ¢ that is one-to-one there
is (another) constant ¢ such that |C(¢(x)) — C(z)| < ¢ for all x.

In fact, if ¢ is computed by Turing machine T;, and U(p) = z, then
there is a Turing machine V' such that V(np) = ¢(z). If V = T, then
U(mnp) = ¢(z), and therefore |C(¢p(z)) — C(x)| < 2l(m) + 2l(n) + 2.
Similar relations hold for the conditional complexity C(x|y). &

Can the complexity of a pair of strings exceed the sum of the complexities
of the individual strings? In other words, is C' subadditive? Let (-) :
NN — N be the standard recursive bijection over the natural numbers
that encodes x and y as (z,y). Define C(z,y) = C({(z,y)). That is, up to
a fixed constant, C(x,y) is the length of the shortest program such that
U computes both = and y and a way to tell them apart. It is seductive
to conjecture C(z,y) < C(z) + C(y) + O(1), the obvious (but false)
argument running as follows: Suppose we have a shortest program p
to produce x, and a shortest program ¢ to produce y. Then with O(1)
extra bits to account for some Turing machine T' that schedules the two
programs, we have a program to produce x followed by y. However, any
such T will have to know where to divide its input to identify p and gq.
One way to do this is by using input mpq or input @qp. In this way,
we can show that for all x,y, we have

C(z,y) < C(x) + C(y) + 2log(min(C(z), C(y))). (2.2)

We cannot eliminate the logarithmic error term for the general case.
Namely, in Example 2.2.3 on page 118 we show that there is a constant
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c such that for all n there are x and y of length at most n such that
C(z,y) =2 C(x) + C(y) +logn — c.

We can eliminate the logarithmic error term at the cost of entering the
length of one of the programs in the conditional,

Clz,ylC(x)) < C(x) + Cy) + O(1).

Equation 2.2 also holds if we replace the left-hand side by the complex-
ity C(xy) of the unmarked concatenation zy. In the example already
referred to above, it is shown that we cannot eliminate the logarithmic
error in this case either. <

If we know C(x) and x, then we can run all programs of length C(z) in
parallel on the reference machine U in dovetail fashion (in stage k of the
overall computation execute the ith computation step of program k —1).
By definition of C(-), there must be a program of length C(x) that halts
with output z. The first such program is the first shortest program for x
in enumeration order, and is denoted by x*.

Therefore, a program to compute C(z), given x, can be converted to a
program to compute z*, given x, at the cost of a constant number of
extra bits. If we have computed z*, then C(x) is simply its length, so
the converse is trivial. Furthermore, to describe C'(z) from scratch takes
at least as many bits as to describe C'(z) using x. Altogether we have,
up to additional constant terms,

Cla™|z) = C(Cla)|z) < C(C(x)) <logl().
o

The upper bound on C(z*|z) cannot be improved to O(1). If it could, then
one could show that C(z) is a recursive function. However, in Theorem 2.3.2
we shall show that C(z) is not partial recursive. It is a curious fact that for
some z, knowledge of x does not help much in computing z*. In fact, the
upper bound is nearly optimal. In Theorem 3.8.1 we shall show that for some
z of each length n the quantity C'(C(z)|z), and hence also C(z*|z), is almost
log n.

Clearly, the information that an element belongs to a particular set can
severely curtail the complexity of that element. The following simple
observation, due to Kolmogorov, turns out to be very useful. We show
that for every easily describable set the conditional complexity of every
one of its elements is at most equal to the logarithm of the cardinality of
that set. (We will observe later, in Theorem 2.2.1, that the conditional
complexities of the majority of elements in a finite set cannot be signifi-
cantly less than the logarithm of the cardinality of that set: we will say
that they are ‘incompressible’ and have a small ‘randomness deficiency.’)
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Let A C N x N be recursively enumerable, and y € N'. Suppose Y =
{z: (x,y) € A} is finite. Then, for some constant ¢ depending only on
A, for all z in' Y, we have C(zly) < 1(d(Y)) + c.

Proof. Let A be enumerated without repetition as (z1,y1), (22, y2), - .. by
a Turing machine T. Let (zi,, i, ), - - -, (%4, ¥i,) be the subsequence in
which the elements of Y are enumerated, k = d(Y). Using the fixed
y, modify T to T, such that T,, on input 1 < p < d(Y), outputs
zi,, Ty(p) = x;,. Therefore, we have by the invariance theorem, Theo-
rem 2.1.1, that C(z|y) < Cr,(x) + ¢ < I(d(Y)) + ¢, with ¢ depending
only on A. |

Let us illustrate the use of this theorem. Let A be a subset of A. Define
As" = {z € A :l(x) < n}. Let A be recursively enumerable and
d(A=") < p(n), with p a polynomial. Then, for all x € A of length at
most n we have C(z|n) < I(p(n))+ O(1), by Theorem 2.1.3. For all = of
length at most n we have C'(z) < C(x|n) + 2I(n) + O(1). Therefore, for
x € AS™ we find that C(x) = O(logn).

The complexity C(x) is invariant only up to a constant depending on
the reference function ¢q. Thus, one may object, for every string x there
is an additively optimal recursive function g such that Cy,(x) = 0. So
how can one claim that C(z) is an objective notion?

A mathematically clean solution to this problem is as follows: Call two
complexities Cy and Cy equivalent, Cy = Cy, if there is a constant c
such that for all z,

[Co(x) — Cp(x)] < c
Then the equivalence relation = induces equivalence classes
[Co] = {Cy : Oy = Cy}.

We order the equivalence classes by [Cy] < [Cy] if there is a constant
¢ > 0 such that Cy(z) < Cy(z) + ¢ for every x. The resulting order on
the equivalence classes is a partial order with a single minimal element,
namely [Cy,], such that for all Cy,

[Cg] < [Cyl.

We have somewhat glibly overlooked the fact that our definition of Kolmogorov
complexity is relative to the particular effective enumeration of Turing ma-
chines as used in the proof of the invariance theorem, Theorem 2.1.1. We have
claimed that the quantity of information in an object depends on itself alone.
That is, it should be independent of the particular enumeration of Turing
machines.
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Consider two different enumerations of all partial recursive functions, say
¢1, P2, ... and P1,12,... . Assume that the ¢ enumeration is the enumer-
ation corresponding to our effective enumeration of Turing machines as used
in the proof of the invariance theorem.

Let the standard enumeration ¢1, ¢2, ... and the other enumeration ¥1, 12, . ..
be related by v = ¢s) and ¢ = Ygu), @ = 1,2,... . If both f and g
are partial recursive, then the enumerations are called recursively isomorphic
and are both acceptable numberings (Section 1.7, Exercise 1.7.6 on page 41).
Let C(z) be the complexity with respect to the reference function in the ¢
enumeration, and let C’(z) be the complexity with respect to the reference
function in the 1 enumeration. It is an easy exercise to show that there is a
constant ¢ such that |C(z) — C'(z)| < c for all z. (Hint: use the indexes of f
and g in the enumerations.)

Therefore, not only do additively optimal functions in the same acceptable
numberings yield complexities that are equal up to a fixed constant, but addi-
tively optimal functions in two different acceptable numberings do so as well.
Hence, Kolmogorov complexity is recursively invariant between acceptable
numberings, even though we have chosen to define it using the specific enu-
meration of Turing machines of Section 1.7. Using an analogy due to Hartley
Rogers, Jr., the fixed choice of effective enumeration of Turing machines can be
compared with using a particular coordinate system to establish coordinate-
free results in geometry.

A contradiction is possible only if there is no recursive isomorphism between
the ¢ enumeration and the ¢ enumeration. We give an example of an enumer-
ation of all partial recursive functions for which an additively optimal function
yields a complexity C’(z) such that |C'(z) — C’(x)| is unbounded. Let C(x) be
defined with respect to the ¢ enumeration as in Theorem 2.1.1. Define the v
enumeration as follows: The even functions 12, are defined by v, (1) := y; for
some y; with C(y) > % and w2;(z) := ¢i(x) for all z > 1. The odd functions
1/)27;+1 are given by ’lﬁ22‘+1 = (;57,

Clearly, the ¢ enumeration contains all partial recursive functions. By way
of contradiction, assume that C’(-) is the Kolmogorov complexity in the -
enumeration defined as in Theorem 2.1.1. Then, C'(y;) < Cy,, (i) + ¢y, By
construction, Cy,. (i) = 1 and cy,, < 2log2i + O(1). On the other hand,
C(y:) > i by construction. Hence, |C’(y;) — C(y:)| rises unboundedly with 1.

It is possible to eliminate the indeterminacy of ‘equality up to a con-
stant’ everywhere by using a fixed domain of objects, a fixed effective
enumeration of Turing machines, and a fixed choice of additively opti-
mal function (rather the universal Turing machine that computes it).
Start from the enumeration of Turing machines in Section 1.7. Fix any
small universal machine, say U, with state—symbol product less than 30.
There exists at least one 7 x 4 universal Turing machine as mentioned
in the comment on page 31 following Example 1.7.4. In Section 3.2 we
exhibit a universal reference machine U to fix a concrete Kolmogorov
complexity with C(z]y) <l(z)+2 and C(z) < I(z) + 8.
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For every z it is of course possible to choose a universal Turing machine
U’ such that Cy(z) = 0 (in this notation identifying U’ with the func-
tion it computes). For every such universal Turing machine U’, we have
for all x that

C(z) < Cyr(z) + CU").

Here C'(U’) is at least the length of the shortest program p such that for
all programs ¢ we have U(pq) = U’(¢q). This means that if Cy/(x) = 0,
then C(U’) > C(x). That is, Cys(x) = 0 unavoidably means that the
description of U’ contains a description of z. Therefore, in order to assign
low complexity to a large and complicated object, a universal machine
has to be large and complicated as well.

2.1.1. [15] (a) Show that C'(0™|n) < ¢, where ¢ is a constant indepen-
dent of n.

(b) Show that C'(m1.n|n) < ¢, where m = 3.1415.. .. and ¢ is some constant
independent of n.

(c) Show that we can expect C(a1:n|n) < in, where a; is the ith bit in
Shakespeare’s Romeo and Juliet.

(d) What is C(a1.n|n), where a; is the ith bit in the expansion of the
fine structure constant a = 2 /hc, in physics.

Comments. Hint: for Item (c) use known facts concerning the letter
frequencies (entropy) in written English. Source: T.M. Cover, The Im-
pact of Processing Technique on Communications, J. K. Skwirzynski, ed.,
Martinus Nijhof, 1985, pp. 23-33.

2.1.2. [10] Let  be a finite binary string with C'(z) = q. What is the
complexity C(x?), where ¢ denotes the concatenation of ¢ copies of x?

2.1.3. [14] Show that there are infinite binary sequences w such that
the length of the shortest program for reference Turing machine U to
compute the consecutive digits of w one after another can be significantly
shorter than the length of the shortest program to compute an initial
n-length segment wy., of w, for any large enough n.

Comments. Hint: choose w a recursive sequence with shortest program

of length O(1). Then C(wi.n) = C(n) + O(1), which goes to co with n.

2.1.4. [12] Prove that for every x, there is an additively optimal func-
tion ¢o (as in Theorem 2.1.1) such that Cyg, (z) = 0. Prove the analogous
statement for x under condition y.

2.1.5. [07] Below, z, y, and z are arbitrary elements of N. Prove the
following:
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(a) C(zly) < C(z) +O(1)

(b) Clzly) < C(x, z[y) + O(1).

(c) Clzly, 2) < Clzly) + O1).

(d) Clz,z) = C(z) + O(1).

(e) C(z,ylz) = Cly, x|z) + O(1).

(f) Czly, z) = Clz|z,y) + O(1).

(8) Clw,ylz, z) = Clylz,z) + O(1).
(h) C(zx|z, 2z) = C(z|z) + O(1) = O(1).

2.1.6. [14] Let ¢y be any partial recursive function in the effective
enumeration ¢1,¢s,... . Let x, y, z be arbitrary elements of /. Prove
the following:

(8) Clor()ly) < Claly) +2A(k) + O(1).

(b) Clylow(z)) = Clylx) — 21(k) + O(1).

Assume that ¢y is also one-to-one. Show that

(c) [C(z) = Cl¢r(x))] < 21(k) + O(1).

(d) Clzly, z) < Clzln(y), ) +2U(k) + O(1).

2.1.7. [12] Let x, y, z, and ¢ be as before. Prove the following.
(a) C(z,y) < C(z) +21(C(z)) + Cylz) + O(1).

(b) Clon(x,y)) < C(x) +21(C(x)) + Clylr) + 21(k) + O(1) < C(z) +
20(C(x)) + C(y) +2U(k) + O(1).

2.1.8. [12] Show that if ¢ is a fixed one-to-one and onto recursive
function ¢ : {0,1}* — {0,1}*, then for every z € {0,1}*,

C(z) = Clzlg(x)) = C(x) + O(1) = Co(x)) + O(1).

2.1.9. e [19] We investigate the invariance of C' under change of pro-
gram representations from 2-ary to r-ary representations. Let A, =
{0,1,...,7r = 1}*, r > 2, and A = N* with N the set of natural num-
bers. A function ¢ : A, x A — A is called an r-ary decoder. In order
not to hide too much information in the decoder, we want it to be a
simple function, a partial recursive one. Analogous to the definitions in
the main text, for any binary decoder ¢ and x,y in A,

Cy(xly) = min{l(p) : ¢(p,y) = z},
or oo if such p does not exist.

(a) Prove Theorem 2.1.1 under this definition of C.
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(b) Define for each pair of natural numbers r, s > 2 a standard encoding
E of strings « in base r to strings E(x) in base s such that I(E(z)) <
I(x)logr/logs+ 1.

(c) Prove the invariance theorem, Theorem 2.1.1, for r-ary decoders ¢.
First, let us define Cy(x]y) = min{l(p)logr : ¢(p,y) = =} and Cy(z|y) =
oo if such p does not exist. Then prove that there exists an additively
optimal (universal) r-ary decoder ¢ such that for all s, for all s-ary
decoders ¢, there exists a constant ¢, such that for all z,y € A we have

Coo (z]y) < Cy(z]y) + 4.

(d) Show that for any z € A, of length n, we have C(x) < nlogr +
2logr + c for some fixed ¢, independent of = and r.

(e) Fix natural numbers r, s > 2 and choose an additively optimal r-ary
decoder and an additively optimal s-ary decoder. Call the associated
canonical C measures respectively C, and Cs. Show that there exists a
constant ¢ such that for all z,y in A we have

|CT(33|y) - Cs(x‘y)l <eg¢

where c¢ is independent of x and y. Conclude that Cy, the C' measure
treated in the main text, is universal in the sense that neither the re-
striction to binary objects to be described nor the restriction to binary
descriptions (programs) results in any loss of generality.

Comments. In general, if we denote by C,.(z) the analogous complexity
of z in terms of programs over alphabets of r letters (Ca(z) = C(x)
but for r > 2 without the logr normalizing multiplicative factor as in
Item (c)), then by the same analysis as of Item (c) we obtain Cy(x) ~
C(z)/logr. Source: P. Gacs, Lecture Notes on Descriptional Complexity
and Randomness, Manuscript, Boston University, 1987.

2.1.10. [12] (a) Show that C(z + C(x)) < C(z) + O(1).
(b) Show that if m < n, then m + C(m) < n+ C(n) + O(1).

Comments. Hint for Item (a): if U(p) = = with I(p) = C(x), then p
also suffices to reconstruct x + I(p). Hint for Item (b): use Item (a).
Source: P. Gacs, Lecture Notes on Descriptional Complexity and Ran-

domness, Manuscript, Boston University, 1987; result is attributed to
C.P. Schnorr.

2.1.11. [13] Let ¢1, ¢, ... be the standard enumeration of the partial
recursive functions, and let a be a fixed natural number such that the
set A= {z: ¢r(y) = (a,z) for some y € N'} is finite. Show that for each
x in A we have C(z]a) < I(d(A)) + 21(k) + O(1).
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2.2
Incompress-

ibility

Definition 2.2.1

2.1.12. [18] Define the function complezity of a function f : N' — N,
restricted to a finite domain D, as

C(f|D) = min{l(p) : Vaep[U(p, x) = f()]}.

(a) Show that for all recursive functions f, there exists a constant c;
such that for all finite D C N, we have C(f|D) < cy.

(b) Show that for all partial recursive functions, for all D = {i:i < n},
we have C(f|D) < logn + c¢f, where ¢y depends on f but not on D.

Comments. Compare Theorem 2.7.2. Source: J.M. Barzdins, Soviet Math.
Dokl., 9(1968), 1251-1254.

It is easy to see that there are strings that can be described by programs
much shorter than themselves. For instance, the function defined by
f(1) = 2 and f(i) = 270~V for i > 1 grows very fast, f(k) is a stack
of k twos. Yet for each k it is clear that the string 2 = 17®) or the
integer y = 27 has at most complexity C (k) + ¢ for some constant ¢
independent of k.

Trivially, this simple argument can be generalized to prove the following
fact: for every recursive function ¢, no matter how fast it grows, there
is a constant ¢ such that for each value of n there is a string = such that
l(x) = ¢(n) but C(z) < n+ c. That is, for an appropriate sequence of
strings, the ratio of string length to description length can increase as
fast as any recursive function—some strings are very compressible.

What about incompressibility? By a simple counting argument one can
show that whereas some strings can be greatly compressed, the majority
of strings cannot be compressed at all.

For each n there are 2" binary strings of length n, but only Z?;ol 20 =
2" — 1 possible shorter descriptions. Therefore, there is at least one
binary string z of length n such that C(z) > n. We call such strings
incompressible. It also follows that for any length n and any binary
string y, there is a binary string x of length n such that C(x|y) > n.

For each constant ¢ we say that a string x is c-incompressible if C(z) >
l(z) —c.

Strings that are incompressible (say, c-incompressible with small ¢) are
patternless, since a pattern could be used to reduce the description
length. Intuitively, we think of such patternless sequences as being ran-
dom, and we use ‘random sequence’ synonymously with ‘incompressible
sequence.” Later we give a formalization of the intuitive notion of a ran-
dom sequence as a sequence that passes all effective tests for randomness.
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Theorem 2.2.1

Example 2.2.1

How many strings of length n are c-incompressible? By the same count-
ing argument we find that the number of strings of length n that are
c-incompressible is at least 2™ — 2"~ ¢ 4 1. Hence there is at least one 0-
incompressible string of length n, at least one-half of all strings of length
n are 1-incompressible, at least three-fourths of all strings of length n are
2-incompressible, . .., and at least the (1 — 1/2¢)th part of all 2" strings
of length n are c-incompressible. This means that for each constant ¢ > 1
the majority of all strings of length n with n > ¢ are c-incompressible.
We generalize this to the following simple but extremely useful incom-
pressibility theorem.

Let ¢ be a positive integer. For each fixed y, every finite set A of cardi-
nality m has at least m(1—27°)+1 elements x with C(z|y) > logm —c.

Proof. The number of programs of length less than logm — ¢ is

logm—c—1

Z 22 — 2logmfc 1.

=0

Hence, there are at least m — m27° + 1 elements in A that have no
program of length less than logm — c. o

As an example, set A = {z : I(z) = n}. Then the cardinality of A is
m = 2". Since Theorem 2.1.2 asserts that C(z) < n+ ¢ for some fixed ¢
and all x in A, Theorem 2.2.1 demonstrates that this trivial estimate is
quite sharp. The deeper reason is that since there are few short programs,
there can be only few objects of low complexity.

It is important to realize that Theorem 2.1.1 and Theorem 2.2.1, together
with the trivial upper bound of Theorem 2.1.2, give us already all we
need for most applications.

Are all substrings of incompressible strings also incompressible? A string
r = uvw of length n can be specified by a short program p for v and the
string ww itself. Additionally, we need information on how to tell these
items apart. For instance, ¢ = I(p)pl(u)uw is a program for z. There
exists a machine T that starting on the left end of ¢, first determines
I(p), then uses I(p) to delimit p, and computes v from p. Continuing on its
input, T determines [(u) and uses this to delimit v on the remainder of
its input. Subsequently, T" reassembles x from the three pieces v, u, and
w it has determined. It follows that C(z) < Cr(z)+O(1) < i(q) +O(1),
since I(q) < C(v) +20(C(v)) + 2l(n) + n — I(v) + 2. Therefore,

C(z) < C(w) +n—I(v) +4logn+ O(1).
Hence, for c-incompressible strings « with C'(z) > n — ¢ we obtain

C(v) > l(v) — O(log n).
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Example 2.2.2

Example 2.2.3

Thus, we have shown that v is incompressible up to an additive term
logarithmic in n.

Can we hope to prove C(v) > I(v) — O(1) for all x and v? If this were
true, then x could not contain long regular subsequences, for instance, a
subsequence of k zeros has complexity O(log k) and not k — O(1). How-
ever, the very restriction on = of not having long regular subsequences
imposes some regularity on x by making it a member of a relatively
small set. Namely, we can describe x by stating that it does not contain
certain subsequences, followed by x’s index in the set that is determined
by these constraints. But the set of which x is a member is so small
that C(x) drops below n — ¢, and z is compressible. Hence, the very in-
compressibility of x requires that it have compressible substrings. This
corresponds to a fact we know from probability theory: a random se-
quence must contain long runs of zeros. <&

If p is a shortest program for x, so that C(z) = I(p), then we would like to
assert that p is incompressible. This time, our intuition corresponds with
the truth. There is a constant ¢ > 0 such that for all strings = we have
C(p) > I(p) — c. For suppose the contrary, and for every constant ¢ there
is an x and a shortest program ¢ that generates p with I(q) < I(p) — c.
Define a universal machine V' that works just like the reference machine
U, except that V first simulates U on its input to obtain the output,
and then uses this output as input on which to simulate U once more.
Let V' = T;, the ith Turing machine in the standard enumeration. Then,
U with input 1°0q computes z, and therefore C(x) < I(p) — c+i + 1.
But this contradicts I(p) = C(z) for ¢ > i+ 1. <&

We continue Example 2.1.5 on page 109 that C(x,y) is not subadditive
since the logarithmic term in Equation 2.2 cannot be eliminated. Namely,
there are (n + 1)2" pairs (x,y) of binary strings whose sum of lengths
is n. By Theorem 2.2.1 there is a pair (z,y) with I(z) + I(y) = n such
that C'(z,y) > n+logn — 1. But Theorem 2.1.2 on page 108 states that
C(z) 4+ C(y) < l(x)+1(y) + ¢ for some constant ¢ independent of  and
y. Hence, for all n there are x and y of length at most n such that

C(z,y) > C(x) + C(y) +logn —c,

where c¢ is a constant independent of x and y. For the unmarked con-
catenation zy with I(xy) = n, if C(zy) > n, then zy contains a block of
0’s or 1’s of length at least logn —2loglogn —O(1) (follows from Exam-
ple 2.2.1 but is more precisely derived in Corollary 2.6.2 om page 172).
We can choose the concatenation zy so that x ends with this longest
run of 0’s or 1’s. This means that C'(z) < i(z) —logn+2loglogn. Then,
C(zy) > C(x) + C(y) + logn — 2loglogn — c. O
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Example 2.2.4

Definition 2.2.2

Example 2.2.5

There is a particular use we had in mind in defining conditional Kol-
mogorov complexity. Namely, we often want to speak about the com-
plexity of x given its length n. This is because a string x of length n
carries in a sense two quantities of information, one associated with the
irregularity of the pattern of 0’s and 1’s in z, and one associated with
the length n of x.

One effect of the information quantity associated with the length of
strings is that C(x) is nonmonotonic on prefizes. This can be due to the
information contained in the length of z. That is, for m < n we can still
have C'(m) > C(n). But then C(y) > C(z) for z = 1™ and y = 1™,
notwithstanding that y is a proper prefix of . For example, if n = 2%,
then C(1™) < loglogn + O(1), while Theorem 2.2.1 shows that there
exist m with 2n < m < n such that C(1™) > logn — O(1). Therefore,
the complexity of a part can turn out to be bigger than the complexity
of the whole. In an initial attempt to solve this problem we may try to
eliminate the effect of the length of the string on the complexity measure
by treating the length as given. <

The length-conditional Kolmogorov complexity of z is C'(z|l(z)).

Roughly speaking, this means that the length of the shortest program for
2 may save up to log(z) bits in comparison with the shortest program
in the unconditional case. Clearly, there is a constant ¢ such that for
all z,

Cz|l(z)) < C(z) +c.

While on the face of it the measure C(x|l(z)) gives a pure estimate of
the quantity of information in solely the pattern of 0’s and 1’s of x, this
is not always true. Namely, sometimes the information contained in I(x)
can be used to determine the pattern of zeros and ones of x. This effect
is noticeable especially in the low-complexity region.

For each integer n, the n-string is defined by n0" "™ (using the binary
string n). There is a constant ¢ such that for all n, if x is the n-string,
then C(z|n) < c¢. Namely, given n we can find the nth binary string ac-
cording to Equation 1.3 and pad the string with zeros up to overall length
n. We use n-strings to show that unfortunately, like the original C(z),
the complexity measure C(z|l(x)) is not monotonic over the prefizes.
Namely, if we choose n such that its pattern of 0’s and 1’s is very irreg-
ular, C(n) > I(n), then for z = n0" ") we still obtain C(z|l(z)) < c.
But clearly C'(n|l(n)) > C(n) — C(I(n)) > logn — 2loglog n. &
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Example 2.2.6

Claim 2.2.1

221
Randomness
Deficiency

Definition 2.2.3

Theorem 2.2.2

Consider the complexity of a string x, with x an element of a given set
A. Clearly, the information that an element belongs to a particular set
severely curtails the complexity of that element if that set is small or
sparse. The following is a simple application of the very useful Theo-
rem 2.1.3. Let A be a subset of N and AS" = {z € A : l(z) < n} We
call A meager if imd(AS")/2" = 0 for n — oo. For example, the set
of all finite strings that have twice as many 0’s as 1’s is meager. We
show that meagerness may imply that almost all strings in the meager
set have short descriptions.

If A is recursive and meager, then for each constant ¢ there are only
finitely many = in A that are c-incompressible (C(x) > l(x) — ¢).

Proof. Consider the lexicographic enumeration of all elements of A. Be-
cause A is recursive, there is a total recursive function ¢; that enumer-
ates A in increasing order. Hence, for the jth element x of A we have
C(x) < C(5)+2l(¢) + 1. If « has length n, then the meagerness of A im-
plies that for each constant ¢/, no matter how large, n — C(j) > ¢’ from
some n onward. Hence, C'(z) < n— ¢ + 21(i). The proof is completed by
setting ¢’ = ¢ + 2I(7). ad &

If we know that x belongs to a subset A of the natural numbers, then
we can consider its complexity C(z|A). For instance, C(z) = C(z|N),
because it is understood that x is a natural number. If = is an element
of a finite set A, then Theorem 2.1.3 asserts that C'(z|A) < (d(A)) + ¢
for some ¢ independent of 2 but possibly dependent on A. For instance,
the infinite meager sets of Example 2.2.6 contain finitely many incom-
pressible strings only.

The randomness deficiency of x relative to A is defined as d(z|A) =
[(d(A)) — C(z|A). It follows that d(x|A) > —c for some fixed constant ¢
independent of z.

If §(z|A) is large, then this means that there is a description of x with
the help of A that is considerably shorter than just giving x’s serial
number in A. There are comparatively few objects with large randomness
deficiency—this is the substance of Martin-Lof’s notion of a statistical
test in Section 2.4. Quantitatively this is expressed as follows:

Assume the discussion above. Then, d({x : §(x|A) > k}) < d(A)/2F1.

Proof. There are fewer than 2/t1 descriptions of length at most 1. O
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Exercises

By Theorem 2.1.3, the complexity of a string z in a given finite section
of a recursively enumerable set is bounded above by the logarithm of the
cardinality of that finite section. Let (-) : N2 — A be the standard re-
cursive bijective pairing function. Let R = {(x,y) : ¢(i) = (x,y),7 > 1}
with ¢ a partial recursive function, say ¢ = ¢, in the standard enumer-
ation of partial recursive functions. Then R is recursively enumerable.
Let the set A = {x : (z,y) € R} be finite. We can assume that A is
enumerated without repetition, and that j < d(A) is the position of x
in this enumeration. Clearly,

C(zly) <logd(A)+ logr + 2loglogr + O(1).

As above, define C(x|A) = C(z]y) with the obvious interpretation. The
randomness deficiency of z relative to y is

§(zly) =logd(A) — C(xly).

The randomness deficiency measures the difference between the maximal
complexity of a string in A and the complexity of z in A. Now, the defect
of randomness is positive up to a fixed constant independent of x and
A (but dependent on r). We may consider z to be random in the set
A iff §(xzly) = O(1). If A is the set of binary strings of length n, or
equivalently, R is the set {(z,n) : l(z) = n} and A = {z : l(x) = n},
then we note that

§(zln) =n — C(x|n) + O(1).

That is, = is a random finite string in our informal sense iff §(z|n) =
O(1). It will turn out that this coincides with Martin-Lof’s notion of
randomness in Section 2.4.

2.2.1. [08] Prove the following continuity property of C(z). For all
natural numbers z,y we have |C(x + y) — C(x)| < 2I(y) + O(1).

2.2.2. [15] Let z satisfy C(x) > n — O(1), where n = [(x).
(a) Show that C(y),C(z) > in — O(1) for x = yz and I(y) = I(2).

(b) Show that C(y) > n/3 — O(1) and C(z) > 2n/3 — O(1) for x = yz
and [(z) = 2I(y).

(c) Let x = @1 ... Z1ogn, With I(z;) = n/logn for all 1 <4 <logn. Show
that C(z;) > n/logn — O(loglogn) for all 1 < i < logn.

2.2.3. [21] Let x satisty C(x) > n — O(1), where n = I(z). Show that
for all divisions x = yz we have n —logn —2loglogn < C(y)+ C(z) and
for some divisions we have C(y) + C(z) < n — logn + loglogn.
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2.2.4. [23] Assume that the elements of {1,...,n} are uniformly dis-
tributed with probability 1/n. Compute the expected value of C(x) for
1<z <n.

Comments. Hint: "', Ca) > Zi‘fln 2741 ) =logn + O(1).

n " logn

2.2.5. [14]We call & an n-string if x has length n and = n00...0.

(a) Show that there is a constant ¢ such that for all n, every n-string
x has complexity C(z|n) < c. (Of course, ¢ depends on the reference
Turing machine U used to define C.)

(b) Show there is a constant ¢ such that for all n, C'(z|n) < ¢ for every
2 in the form of the n-length prefix of nn...n.

(c) Let ¢ be as in Item (a). Consider some n and some string x of length n
with C(z|n) > c. Prove that the extension of z to a string y = z00...0
of length z has complexity C(y|z) < ¢. Conclude that there is a constant
¢ such that each string z, no matter how high its C(x|l(z)) complexity,
can be extended to a string y with C(y|l(y)) < c.

Comments. The C(z) measure contains the information about the pat-
tern of 0’s and 1’s in x and information about the length n of x. For
random such n, the complexity C(n) = l(n) + O(1) is about logn. In
this case, about logn bits of the shortest program p for x will be used
to account for x’s length. For n’s that are easy to compute, this is much
less. This seems a minor problem at high complexities, but becomes an
issue at low complexities, as follows. If the quantities of information re-
lated to the pattern only is low, say less than logn, for two strings « and
y of length n, then distinctions between these quantities for x and y may
get blurred in the comparison between C(z) and C(y) if the quantity of
information related to length n dominates in both. The C(z|l(x)) com-
plexity was meant to measure the information content of z apart from
its length. However, as the present exercise shows, in that case [(x) may
contain already the complete description of x up to a constant number
of bits. Source: D.W. Loveland, Inform. Contr., 15(1969), 510-526.

2.2.6. [19] (a) Show that there is a constant d > 0 such that for every
n there are at least |2"/d]| strings x of length n with C(z|n) > n and
C(z) > n.

(b) Show that there are constants ¢,d’ > 0 such that for every large
enough n there are at least [2"/d’| strings x of length n — ¢ < I(xz) <n
with C(z|n) > n and C(z) > n.

(c¢) Assume that we have fixed a reference universal turing machine such
that for every n, we have C(z),C(z|n) < n+1 for all strings « of length
n. Show that in this case Item (b) holds with I(x) = n.
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Comments. Hint for Item (a): There is a constant ¢ > 0 such that for
every n and every z of length I(z) < n — ¢ we have C(z|n) < n by
Theorem 2.1.2. Therefore, there are at most 2" — 2"~ ¢! programs of
length < n available as shortest programs for the strings of length n.
Hence there is at least one x of length n with C(z|n) > n. Let there be
m > 1 such strings. Given m and n we can enumerate all 2" —m strings
x of length n and complexity C'(z|n) < n by dovetailing the running of
all programs of length < n. The lexicographic first string of length n
not in the list satisfies logm + O(1) > C(x|n) > n. The unconditional
result follows similarly by padding the description of z up to length n.
Hint for Item (b): For every n there are equally many strings of length
< n to be described and potential programs of length < n to describe
them. Since some programs do not halt (Lemma 1.7.5 on page 34) for
every large enough n, there exists a string x of length at most n that
has C(z|n),C(x) > n (and C(z|n),C(x) < I(x) + ¢). The remaining
argument is similar to that of Item (a). Source: H. Buhrman, T. Jiang,
M. Li, P.M.B. Vitanyi, Theoret. Comput. Sci., 235:1(2000), 59-70. Also
reported by M. Kummer and L. Fortnow. Compare with the similar
Exercise 3.3.1 for prefix Kolmogorov complexity on page 213. In the
source of that exercise, some form of the result of the current exercise is
attributed to G.J. Chaitin in the early 1970s.

2.2.7. [14] We can extend the notion of c-incompressibility as follows
(all strings are binary): Let g : ' — N be unbounded. Call a string =
of length n g-incompressible if C(x) > n—g(n). Let I(n) be the number
of strings = of length at most n that are g-incompressible. Show that
lim, oo I(n) /2741 = 1.

Comments. Thus, the g-incompressible finite strings have uniform prob-
ability going to 1 in the set of strings of length n for n — oco.

2.2.8. [19] Prove that for each binary string x of length n there is a y
equal to = except for one bit such that C(y|n) <n —logn + O(1).

Comments. Hint: the set of binary strings of length n constituting a
Hamming code has 2"/n elements and is recursive. Source: personal
communication, I. Csiszér, May 8, 1993.

2.2.9. [12] A Turing machine T computes an infinite sequence w if
there is a program p such that T'(p,n) = wy., for all n. Define C(w) =
min{l(p) : U(p,n) = wy., for all n}, or oo if such a p does not exist.
Obviously, for all w either C(w) < 0o or C(w) = 0.

(a) Show that C(w) < oo iff 0.w is a recursive real number as in Exer-
cise 1.7.22 on page 47. For the mathematical constants = and e, C(7) <
oo and C(e) < oo.
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(b) Show that the reals 0.w with C'(w) < co form a countably infinite
set and that the reals 0.w with C(w) = oo have uniform measure one in
the total set of reals in the interval [0, 1).

2.2.10. [27] We consider how information about x can be dispersed.

Let x € N with I(z) = n and C(z) = n 4+ O(1). Show that there are
u,v,w € N such that

(i) U(u) = U(v) = l(w) = 3n, C(u) = C(v) = O(
they are pairwise independent: C(y|z) = %n + 0
and y # z;

C(w) = 3n (+0(1)), and
(1) for y, z € {u,v,w}

(ii) « can be reconstructed from any two of them: C(z|y,z) = O(1),
where y, z € {u,v,w} and y # 2.

Can you give a general solution for finding m+ k& elements of A/ such that
each of them has length and complexity n/m, and x can be reconstructed
from any m distinct elements?

Comments. It is surprising that x can be reconstructed from any two
out of three elements, each of one-half the complexity of x. This shows
that the identity of the individual bits is not preserved in the division.
Hint: assume n =2m and © = o1 ...Tom, U = UL ... Um, UV = V1 ... Um,
and w = w ... wy, With u; = x9;-1, v; = T9;, and w; = v; ® u;. (Recall
that a®b = 1iff a # b.) This solution apparently does not generalize. A
general solution to distribute x over m+ k elements such that any group
of m elements determines = can be given as follows: Compute the least
integer y > z1/™. Let p; be the ith prime, with p; = 2. Distribute x over
Uiy ..y Uk, Where u; = 2 mod p?(l)7 with a(i) = [ylog,, 2]. Using the
Chinese remainder theorem we find that we can reconstruct = from any
subset of m elements u;. Source: A. Shamir, Comm. ACM, 22:11(1979),
612-613; M.O. Rabin, J. ACM, 36:2(1989), 335-348.

2.2.11. [26] Show that there are strings x,y,z such that C(z|y) +
C(z|z) > C(z) + C(zly, z) + O(1). For convenience prove this first for
strings of the same length n; but it also holds for some strings x, y, z with
I(x) =logn and I(y) = I(z) = n. Comments. This is a counterintuitive
result. Hint: prove there are pairwise random strings x,y, z such that
each string results from @-ing the other two.

2.2.12. [18] Let A be the set of binary strings of length n. An element
x in A is d-random if §(x|A) < 4, where §(z|A) = n — C(z|A) is the
randomness deficiency. Show that if x € B C A, then

log % — C(B|A) < 6(x|A) + O(log n).

Comments. That is, no random elements of A can belong to any subset
B of A that is simultaneously pure (which means that C(B|A) is small)
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and not large (which means that d(A)/d(B) is large). Source: A.N. Kol-
mogorov and V.A. Uspensky, Theory Probab. Appl., 32(1987), 389-412.

2.2.13. [27] Let € A, with d(A) < oo. Then in Section 2.2 the
randomness deficiency of x relative to A is defined as §(x|A) = I(d(A))—
C(z|A). (Here C(z|A) is defined as C(x|y) with x the characteristic
sequence of A and I(x) < oo.) If 6(z|A) is large, this means that there is
a description of x with the help of A that is considerably shorter than
just giving z’s serial number in A. Clearly, the randomness deficiency of
x with respect to sets A and B can be vastly different. But then it is
natural to ask whether there exist absolutely nonrandom objects, objects
having large randomness deficiency with respect to any appropriate set.

Prove the following: Let a and b be arbitrary constants; for every suf-
ficiently large n, there exists a binary string = of length n such that
d(z|A) > blogn for any set A containing x for which C'(A) < alogn.

Comments. Source: A.K. Shen, Soviet Math. Dokl., 28(1983), 295-299.
Compare with Kamae’s theorem, Exercise 2.7.5. Let us give some in-
terpretation of such results bearing on statistical inference. Given an
experimental result, the statistician wants to infer a statistical hypoth-
esis under which the result is typical. Mathematically, given = we want
to find a simple set A that contains x as a typical element. The above
shows that there are outcomes x such that no simple statistical model
of the kind described is possible. The question remains whether such
objects occur in the real world.

2.2.14. [31] Consider two complexity measures for infinite binary se-
quences w. Let Cy(w) be the minimal length of a program p such
that p(n) = wi., for all sufficiently large n. Let Ca(w) be defined as
limsup,, .. C(wi:m|n). Prove that Cuo(w) < 2Co(w) 4+ O(1), and that
this bound is tight (the constant 2 cannot be replaced by a smaller one).

Comments. Source: B. Durand, A.K. Shen, N.K. Vereshchagin. Theoret.
Comput. Sci., 171(2001), 47-58.

2.2.15. [37] Consider Ciim(z) = min{l(p) : p(n) = x for all but finitely
many n} and Climsup(z) = min{m : for all but finitely many n there
exists a p with {(p) < m and p(n) = z}. Let C’(x) denote the plain
Kolmogorov complexity relativized to 0 (that is, the program is allowed
to ask an oracle whether a given Turing machine terminates on given
input).

(a) Prove that Ciim(x) = C'(z) + O(1).
(b) Prove that Ciimsup(z) = C'(z) + O(1).

Comments. Source: N.K. Vereshchagin Theoret. Comput. Sci., 271(2002),
59-67. Item (b) is the more difficult one; Item (a) is attributed to An.A.
Muchnik, S.Y. Positselsky.
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2.3

C as an
Integer
Function

Theorem 2.3.1

We consider C' as an integer function C' : N' — N, and study its be-
havior, Figure 2.1. First we observe that Theorem 2.1.2 gives an upper
bound on C: there exists a constant ¢ such that for all z in A we have
C(z) <l(z) + ¢, and by Theorem 2.2.1 this estimate is almost exact for
the majority of x’s. This is a computable monotonic increasing upper
bound that grows to infinity. It is also the least such upper bound. It
turns out that the greatest monotonic nondecreasing lower bound also
grows to infinity but does so incomputably slowly.

(i) The function C(z) is unbounded.

(ii) Define a function m by m(x) = min{C(y) : y > x}. That is, m is
the greatest monotonic increasing function bounding C' from below. The
function m(z) is unbounded.

(iii) For any partial recursive function ¢(x) that goes monotonically to
infinity from some xg onward, we have m(z) < ¢(x) except for finitely
many x. In other words, although m(zx) goes to infinity, it does so more
slowly than any unbounded partial recursive function.

Proof. (i) This follows immediately from (ii).

(ii) For each 7 there is a least x; such that for all x > z;, the smallest
program p printing = has length greater than or equal to . This follows
immediately from the fact that there are only a finite number of pro-
grams of each length i. Clearly, for all ¢ we have x;.1 > x;. Now observe
that the function m has the property that m(x) =i for z; < z < x;41.

(iii) Assume the contrary: there is a monotonic nondecreasing unbounded
partial recursive function ¢(x) < m(x) for infinitely many . The do-
main A = {z: ¢(r) < oo} of ¢ is an infinite recursively enumerable set.
By Lemma 1.7.4, A contains an infinite recursive subset B. Define

W(z) = ¢(x) for z € B,
| #(y) with y=max{z:z € B,z < x}, otherwise.

This v is total recursive and goes monotonically to infinity, and ¥(z) <
m(x) for infinitely many x.
Now define M(a) = max{z : C(z) < a}. Then, M(a) + 1 = min{z :
m(z) > a}. It is easy to verify that

max{z : Y(z) < a+ 1} > min{z : m(z) > a} > M(a),

for infinitely many a’s, and the function F(a) = max{z : ¢(z) < a +
1} is obviously total recursive. Therefore, F(a) > M/(a) for infinitely
many a’s. In other words, C'(F(a)) > a for infinitely many a’s. But by
Theorem 2.1.1,

C(F(a)) < Cr(F(a) + O(1) < I(a) + O(1).
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Theorem 2.3.2

Theorem 2.3.3

FIGURE 2.1. The graph of the integer function C(z)

This implies that there exists a constant ¢ such that l(a) + ¢ > a for
infinitely many a, which is impossible. o

Notice that Items (ii) and (iii) of Theorem 2.3.1 do not hold for the
length-conditional complexity C(z|l(x)). Namely, although C(z|i(x)) is
unbounded, it drops infinitely often to constant level. In other words,
there is no unbounded monotonic function that is a lower bound on
C(z|l(x)) by Example 2.2.5. This phenomenon is further explored in the
exercises.

The second cornerstone of the theory (millstone around its neck is prob-
ably more apt) is the incomputability theorem.

The function C(x) is not recursive. Moreover, no partial recursive func-
tion ¢(x) defined on an infinite set of points can coincide with C(x) over
the whole of its domain of definition.

Proof. This proof is related to that of Theorem 2.3.1, Ttem (iii). We prove
that there is no partial recursive ¢ as in the statement of the theorem.
Every infinite recursively enumerable set contains an infinite recursive
subset, Lemma 1.7.4. Select an infinite recursive subset A in the domain
of definition of ¢. The function ¢(m) = min{z : C(x) > m,x € A} is
(total) recursive (since C(x) = ¢(z) on A), and takes arbitrarily large
values, Theorem 2.3.1. Also, by definition of ¢, we have C(¢»(m)) > m.
On the other hand, C(¥(m)) < Cy(¥(m)) + ¢y by definition of C,
and obviously Cy(¥(m)) < I(m). Hence, m < logm up to a constant
independent of m, which is false from some m onward. O

That was the bad news; the good news is that we can approximate C(z).

There is a total recursive function ¢(t,xz), monotonic decreasing in t,

such that lim;_o ¢(t, ) = C(x).
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Proof. We define ¢(t, z) as follows: For each z, we know that the shortest
program for x has length at most I(z) + ¢, Theorem 2.1.2. Run the
reference Turing machine U in the proof of Theorem 2.1.1 for ¢ steps on
each program p of length at most I(z) + ¢. If for any such input p the
computation halts with output z, then define the value of ¢(t, x) as the
length of the shortest such p, otherwise equal to {(z) + ¢. Clearly, ¢(¢, x)
is recursive, total, and monotonically nonincreasing with ¢ (for all z,
o(t',x) < P(t,x) if t' > t). The limit exists, since for each x there exists
a t such that U halts with output x after computing ¢ steps starting
with input p with I(p) = C(x). O

One cannot decide, given z and ¢, whether ¢(¢t,z) = C(x). Since ¢(t,x) is
nondecreasing and goes to the limit C(x) for t — oo, if there were a decision
procedure to test ¢(t,z) = C(z), given x and ¢, then we could compute C(z).
But Theorem 2.3.2 tells us that C is not recursive.

Let g1, g2, ... be a sequence of functions. We call f the limit of this sequence
if f(z) = lim¢—oo g¢e(z) for all z. The limit is recursively uniform if for every
rational € > 0 there exists a t(¢), where ¢ is a total recursive function, such
that | f(z) — gu)(z)| < €, for all z. Let the sequence of one-argument functions
1,12, ... be defined by ¥ (z) = ¢(t, ), for each t for all . Clearly, C is the
limit of the sequence of ¢’s. However, by Theorem 2.3.2; the limit is not
recursively uniform. In fact, by the halting problem in Section 1.7, for each
€ > 0 and t > 0 there exist infinitely many z such that |C(z) — ¢ (z)| > e
This means that for each € > 0, for each ¢ there are many z’s such that our
estimate ¢(t,x) overestimates C(x) by an error of at least e.

We describe some other characteristics of the function C.

Continuity: The function C is continuous in the sense that there is a
constant ¢ such that |C(x) — C(z £ h)| < 2l(h) + ¢ for all x and
h. (Hint: given a program that computes 2 we can change it into
another program that adds (or subtracts) h from the output.)

Logarithmic: The function C(z) mostly hugs log «. It is bounded above
by log x + ¢, Theorem 2.1.2, page 108. On the other hand, by Theo-
rem 2.2.1, page 117, for each constant k, the number of z of length
n (about log ) such that C(z) < logz — k is at most 2",

Fluctuation: The function C(z) fluctuates rapidly. Namely, for each
x there exist two integers x1, x> within distance y/z of x (that is,
|z — 2] < /& for i = 1,2) such that C(x1) > I(z)/2 — ¢ and
C(z2) < l(z)/2 + c. (Hint: change the low-order half of the bits
of x to some incompressible string to obtain x;, and change these
bits to a very compressible string (such as all zeros) to obtain xs.)
Therefore, if = is incompressible with C(z) = I(x) — O(1), then
there is an z3 nearby where C(z2) equals about C(x)/2, and if z is
compressible with C'(z) = o(I(x)), then there is an 21 nearby where



2.3. (C as an Integer Function 129

Example 2.3.1

C(z1) equals about I(z)/2. These facts imply many fluctuations
within small intervals because, for instance, C(z), C(z + logx),
C(z++/7), C(cz), C(x?), and C(2%) all have about the same value.

Long high-complexity runs: For each c there is a d such that there
are no runs of d consecutive c-incompressible numbers. However,
conversely, for each d there is a ¢ such that there are runs of d
consecutive c-incompressible numbers. (Hint: for the nonexistence
part use numbers x of the form 27 for which C(i27) < 1(i) +1(j) +
¢ < 1(i27) — d; for the existence part use the continuity property
and the nearly logarithmic property above.)

It is not difficult to see that Theorems 2.3.1, Item (i), 2.3.2, and 2.3.3,
Theorem 2.1.2; and the above properties hold for the length-conditional
complexity measure C(z|l(z)). By the existence of n-strings, Exam-
ple 2.2.5, the greatest monotonic lower bound on C(z|l(x)) is a fixed
constant, and therefore Items (ii) and (iii) of Theorem 2.3.1 do not hold
for this complexity measure. Theorems 2.1.1, 2.2.1 are already proved
for C(z|i(x)) in their original versions. Namely, either they were proved
for the conditional complexity in general, or the proof goes through as
given for the length-conditional complexity. Thus, the general contour of
the graph of C(z|l(z)) looks very roughly similar to that of C'(z), except
that there are dips below a fixed constant infinitely often, Figure 2.2.

Let us make an estimate of how often the dips occur. Consider the n-
strings of Example 2.2.5. For each integer n there is an extension of
the corresponding binary string with n — [(n) many 0’s such that the
resulting string = has complexity C(z|l(x)) < ¢ for a fixed constant c¢. It
is easy to see that logz &~ n, and that for all n’ < n the corresponding
2’ is less than z. Hence, the number of ' < x such that C(z'|l(2")) < ¢
is at least logx. <&

FIGURE 2.2. The graph of the integer function C(x|l(z))
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Exercises

2.3.1. [15] Let ¢(t,z) be a recursive function and lim; .. ¢(t,z) =
C(x), for all z. For each t define ¢,(z) = ¢(¢, z) for all x. Then C is the
limit of the sequence of functions 11,9, ... . Show that for each error
€ and all ¢ there are infinitely many z such that ¢ (z) — C(x) > e.

Comments. C(z) is the uniform limit of the approximation above if for
each € > 0, there exists a ¢ such that for all z, ¢;(z) — C(z) < €. Item
(a) implies that C(x) is not the uniform limit of the above sequence of
functions.

2.3.2. [23] Let ¢1, ¢, . . . be the effective enumeration of partial recur-
sive functions in Section 1.7. Define the uniform complexity of a finite
string = of length n with respect to ¢ (occurring in the above enu-
meration) as Cy(z;n) = min{l(p) : ¢(m,p) = x1.m for all m < n} if
such a p exists, and oo otherwise. We can prove an invariance theorem
to the effect that there exists a universal partial recursive function ¢
such that for all ¢ there is a constant ¢ such that for all x,n we have
Coo(z;n) < Cy(z;n) + c¢. We choose a reference universal function ¢
and define the uniform Kolmogorov complezity as C(z;n) = Cy, (z;n).

(a) Show that for all finite binary strings « we have C(z) > C(x;(x)) >
C(z|l(x)) up to additive constants independent of .

(b) Prove Theorems 2.1.1 to 2.3.3, with C'(z) replaced by C(z;1(x)).

(c) Show that in contrast to the measure C'(z|l(x)), no constant ¢ exists
such that C(z;l(x)) < ¢ for all n-strings (Example 2.2.5).

(d) Show that in contrast to C(x|i(z)), the uniform complexity is mono-
tonic in the prefizes: if m < n, then C(z1.m;m) < C(z1.n;n), for all .

(e) Show that there exists an infinite binary sequence w and a constant
¢ such that for infinitely many n, C(wy.n;n) — C(wi.n|n) > logn — c.

Comments. Item (b) shows that the uniform Kolmogorov complexity sat-
isfies the major properties of the plain Kolmogorov complexity. Items (c)
and (d) show that at least two of the objections to the length-conditional
measure C(z|l(z)) do not hold for the uniform complexity C(z;i(z)).
Hint for Ttem (c): this is implied by the proof of Theorem 2.3.1 and
Item (a). Item (e) shows as strong a divergence between the measures
concerned as one could possibly expect. Source: D.W. Loveland, Inform.
Contr., 15(1969), 510-526.

2.3.3. [27] Let BB’ be a variant of the busy beaver function defined in
Exercise 1.7.19, page 45, where BB’(n) is defined as the maximal num-
ber of steps in a halting computation of the reference universal Turing
machine when started on an n-bit input.

Show that C'(BB’(n)) = n+ O(logn). Use this to provide an alternative
proof for Theorem 2.3.1, Ttem (iii).
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Comments. Hint: Knowing n and the index j < 2" of the input that
achieves BB’(n), we can compute BB’(n). Hence, C(BB'(n) | n) <
n + O(1). On the other hand, Knowing n and BB’(n), we can run all
programs of n bits for at most BB’(n) steps; the programs that have
not halted after BB’(n) steps will never halt. This resolves the halt-
ing problem for all programs of n bits, and yields the halting sequence
X1 -.-Xxaor for the first 2™ programs. By an application of the later The-
orem 2.7.2, known as Barzdins’s lemma, Item (ii), we conclude that
C(BB'(n).n) > Clx ... xan) — O(1) > n — O(1).

2.3.4. e [35] Let w be an infinite binary string. We call w recursive
if there exists a recursive function ¢ such that ¢(i) = w; for all i > 0.
Prove the following:

(a) If w is recursive, then there is a constant ¢ such that for all n,

C(wim;n) < ¢
C(wim|n) < ¢,
C(wia) —C(n) < c.

This is easy. The converses also hold but are less easy to show. They
follow from Items (b), (e), and (f).

(b) For each constant ¢, there are only finitely many w such that for all
n, C(wi.n;n) < ¢, and each such w is recursive.

(¢) For each constant ¢, there are only finitely many w such that for
infinitely many n, C(wi.n;n) < ¢, and each such w is recursive.

(d) There exists a constant ¢ such that the set of infinite w that satisfy
C(w1:n|n) < cfor infinitely many n, has the cardinality of the continuum.

(e) For each constant ¢, there are only finitely many w such that for all
n, C(wi.n|n) < ¢, and each such w is recursive.

(f) For each constant ¢, there are only finitely many w with C(w1.,) <
C(n) + ¢ for all n, and each such w is recursive.

(g) For each constant ¢, there are only finitely many w with C'(w1.,) <
I(n) + ¢ for all n, and each such w is recursive.

(h) There exist nonrecursive w for which there exists a constant ¢ such
that C(w1.,) < C(n) + ¢ for infinitely many n.

Comments. Clearly Item (c) implies Item (b). In Item (d) conclude
that not all such w are recursive. In particular, the analogue of Item
(c) for C(w1.n|n) does not hold. Namely, there exist nonrecursive w for
which there exists a constant ¢ such that for infinitely many n we have
C(wi:n|n) < c. Hint for Item (d): exhibit a one-to-one coding of sub-
sets of A into the set of infinite binary strings of which infinitely many
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prefixes are n-strings—in the sense of Example 2.2.5. Item (e) means
that in contrast to the differences between the measures C(-;1(-)) and
C(-1(+)) exposed by the contrast between Items (c¢) and (d), Item (b)
holds also for C(:]I(+)). Items (f) and (g) show a complexity gap, be-
cause C(n) can be much lower than [(n). Hint for Item (h): use Item
(d). Source: for Items (b) through (e), and (h), D.W. Loveland, In-
form. Contr., 15(1969), 510-526. Loveland attributes Item (e) to A.R.
Meyer. The equivalence between bounded length-conditional complexity
and bounded uniform complexity for prefixes of infinite strings is stated
by A.K. Zvonkin and L.A. Levin, Russ. Math. Surv., 25:6(1970), 83—
124. Source of Items (f) and (g) is G.J. Chaitin, Theoret. Comput. Sci.,
2(1976), 45-48. For the prefix complexity K introduced in Chapter 3,
there are nonrecursive w such that K(wi.,) < K(n)+ O(1) for all n by
a result of R.M. Solovay in Exercise 3.6.9 on page 231.

2.3.5. [HM35] We want to show in some precise sense that the real line
is computationally a fractal. (Actually, one is probably most interested in
Item (a), which can be proved easily and elementarily from the following
definition.) The required framework is as follows: Each infinite binary
sequence w = wiws . . . corresponds to a real number 0 < 0.w < 1. Define
the normalized complexity Cn(w) = limy,_,o0 C(w1:n)/n. If the limit does
not exist, we set Cn(w) to half the sum of the upper and lower limits.

(a) Show that for all real w in [0,1), for every ¢ > 0 and all real r,
0 < r <1, there exist real ¢ in [0, 1) such that |w—(| < e and Cn(¢) = r.
(For each real r, 0 < r < 1, the set of w’s with Cn(w) = r is dense on
the real line [0,1).)

(b) Show that for all real w, all rational r and s, we have Cn(rw + s) =
Cn(w) (both w and rw + s in [0, 1)). Similarly, show that Cn(f(w)) =
Cn(w) for all recursive functions f.

B. Mandelbrot defined a set to be a fractal if its Hausdorff dimension is
greater than its topological dimension [B. Mandelbrot, The Fractal Ge-
ometry of Nature, W.H. Freeman, 1983; for definitions of the dimensions
see W. Hurewicz and H. Wallman, Dimension Theory, Princeton Univ.
Press, 1974].

(¢) Show that for any real numbers 0 < a < b < 1, the Hausdorff

dimension of the set {(w,Cn(w))}N([0,1) x [a,b]) is 1 + b.

(d) Show that the set G = {(w,Cn(w)) : w € [0,1)} has Hausdorff
dimension 2 and topological dimension 1. (That is, G is a fractal.)

~ —IA

Comments. Source: J.-Y. Cai and J. Hartmanis, J. Comput. System
Sci., 49:3(1994), 605-619. Other relationships among the Hausdorff di-
mension, Lutz’s constructive dimension, and Kolmogorov complexity
have been investigated by L. Staiger in [Inform. Comput., 102(1993),
159-194; Theor. Comput. Syst. 31(1998), 215-229], B.Ya. Ryabko in [J.
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Complexity, 10(1994) 281-295]; J.H. Lutz in [Proc. 27th Int. Collog. Aut.
Lang. Prog., 2000, pp. 902-913; Inform. Comput., 187(2003), pp. 49-79;
SIAM J. Comput. 32(2003), 1236-1259], and E. Mayordomo in [Inform.
Process. Lett., 84:1(2002), 247-356].

2.3.6. [M34] To investigate repeating patterns in the graph of C'(z) we
define the notion of a ‘shape match.” Every function from the integers
to the integers is a shape. A shape f matches the graph of C' at j with
span cif for all z with j —c < x < j+c¢ we have C(z) = C(j) + f(x —j).

(a) Show that every matching shape has f(0) = 0. Thus, a matching
shape is a template of which we align the center f(0) with j to see to
what extent it matches C’s graph around the point of interest. We wish
to investigate shapes that can be made to match arbitrarily far in each
direction.

(b) A shape f is recurrent if for all ¢ there exists a j such that f matches
the graph of C' at j with span c¢. Show that there exists a recurrent shape.

(¢) Show that there exists a constant ¢ such that there are no runs
Cn)=C(n+1)=---=C(n+c) for any n.

(d) Prove that no recurrent shape is a recursive function.

Comments. The notion of ‘shape match’ is different from that of ‘follow-
ing the shape’ in Definition 5.5.8 on page 407. Hints: for Item (b) use
Konig’s infinity lemma. Item (c) means that the graph of C' has no arbi-
trarily long flat spots. For Item (c), prove for sufficiently large ¢ that for
each integer ¢, for all n with C(n) = i, the run C'(n), C(n+1),...,C(n+c)
contains an element less than i. For Item (d) use a case analysis, and
use in one case the proof of Item (c) and in the other cases the recursion
theorem, Exercises 1.7.20, page 46. Source: H.P. Katseff and M. Sipser,
Theoret. Comput. Sci., 15(1981), 291-309.

One can consider those objects as nonrandom in which one can find
sufficiently many regularities. In other words, we would like to identify
incompressibility with randomness. This is proper if the sequences that
are incompressible can be shown to possess the various properties of
randomness (stochasticity) known from the theory of probability. That
this is possible is the substance of the celebrated theory developed by
the Swedish mathematician Per Martin-Lof.

There are many properties known that probability theory attributes to
random objects. To give an example, consider sequences of n tosses with
a fair coin. Each sequence of n zeros and ones is equiprobable as an
outcome: its probability is 27 ™. If such a sequence is to be random in
the sense of a proposed new definition, then the number of ones in =
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should be near to %m the number of occurrences of blocks 00 should be
close to in, and so on.

It is not difficult to show that each such single property separately holds
for all incompressible binary strings. But we want to demonstrate that
incompressibility implies all conceivable effectively testable properties of
randomness (both the known ones and the as yet unknown ones). In this
way, the various theorems in probability theory about random sequences
carry over automatically to incompressible sequences.

In the case of finite strings we cannot hope to distinguish sharply between
random and nonrandom strings. For instance, considering the set of binary
strings of a fixed length, it would not be natural to fix an m and call a string
with m zeros random and a string with m + 1 zeros nonrandom.

Let us borrow some ideas from statistics. We are given a certain sample
space S with an associated distribution P. Given an element x of the
sample space, we want to test the hypothesis “x is a typical outcome.”
Practically speaking, the property of being typical is the property of
belonging to any reasonable majority. In choosing an object at random,
we have confidence that this object will fall precisely in the intersection
of all such majorities. The latter condition we identify with x being
random.

To ascertain whether a given element of the sample space belongs to a
particular reasonable majority, we introduce the notion of a test. Gener-
ally, a test is given by a prescription that for every level of significance e,
tells us for what elements = of S the hypothesis “z belongs to majority
M in S” should be rejected, where ¢ = 1 — P(M). Taking e = 27™,
m =1,2,..., we achieve this by saying that we have a description of the
set V C N x S of nested critical regions

Vin ={z: (m,z) € V},
VmQVm-‘rh m=1,2,...,

while the condition that V;,, be a critical region on the significance level
€ = 27™ amounts to requiring, for all n,

> {Pll(z) =n):z €V} <.

The complement of a critical region V;, is called the (1 — €) confidence
interval. If x € V,,, then the hypothesis “x belongs to majority M,”
and therefore the stronger hypothesis “z is random,” is rejected with
significance level e. We can say that z fails the test at the level of critical
region V,,.

A string zi2s...x, with many initial zeros is not very random. We
can test this aspect as follows. The special test V has critical regions
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FIGURE 2.3. Test of Example 2.4.1
Vi,Va,... . Consider x = 0.x122...x, as a rational number, and each
critical region as a half-open interval V,, = [0,27™) in [0,1), m =
1,2,... . Then the subsequent critical regions test the hypothesis “z

is random” by considering the subsequent digits in the binary expansion
of x. We reject the hypothesis on the significance level € = 2™ provided
1 =Ty ==z, =0, Figure 2.3. &

Another test for randomness of finite binary strings rejects when the
relative frequency of ones differs too much from % This particular test
can be implemented by rejecting the hypothesis of randomness of z =
X1To ... Ty at level e = 27™ provided |2f, — n| > g(n,m), where f, =
>, @i, and g(n, m) is the least number determined by the requirement
that the number of binary strings x of length n for which this inequality
holds be at most 2"~™. Thus, in this case the critical region V,, is
{z € {0,1}": 12f, — n| > g(n,m)}. &

In practice, statistical tests are effective prescriptions such that we can
compute, at each level of signi